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UNIT -1
PROBABILITY AND RANDOM VARIABLE

PROBABILITY

Introduction

It is remarkable that a science which began with the consideration of games of chance
should have become the most important object of human knowledge.

A brief history

Probability has an amazing history. A practical gambling problem faced by the French nobleman
Chevalier de Méré sparked the idea of probability in the mind of Blaise Pascal (1623-1662), the
famous French mathematician. Pascal's correspondence with Pierre de Fermat (1601-1665), another
French Mathematician in the form of seven letters in 1654 is regarded as the genesis of probability.
Early mathematicians like Jacob Bernoulli (1654-1705), Abraham de Moivre (1667-1754), Thomas
Bayes (1702-1761) and Pierre Simon De Laplace (1749-1827) contributed to the development of
probability. Laplace's Theory Analytique des Probabilities gave comprehensive tools to calculate
probabilities based on the principles of permutations and combinations. Laplace also said,
"Probability theory is nothing but common sense reduced to calculation.”

Later mathematicians like Chebyshev (1821-1894), Markov (1856-1922), von Mises (1883-
1953), Norbert Wiener (1894-1964) and Kolmogorov (1903-1987) contributed to new
developments. Over the last four centuries and a half, probability has grown to be one of the most
essential mathematical tools applied in diverse fields like economics, commerce, physical
sciences, biological sciences and engineering. It is particularly important for solving practical
electrical-engineering problems in communication, signal processing and computers.
Notwithstanding the above developments, a precise definition of probability eluded the
mathematicians for centuries. Kolmogorov in 1933 gave the axiomatic definition of probability
and resolved the problem.

Randomness arises because of

» random nature of the generation mechanism

» Limited understanding of the signal dynamics inherent imprecision in measurement,
observation, etc.

For example, thermal noise appearing in an electronic device is generated due to random motion of
electrons. We have deterministic model for weather prediction; it takes into account of the factors
affecting weather. We can locally predict the temperature or the rainfall of a place on the basis of
previous data. Probabilistic models are established from observation of a random phenomenon.
While probability is concerned with analysis of a random phenomenon, statistics help in building
such models from data.




Deterministic versus probabilistic models

A deterministic model can be used for a physical quantity and the process generating it provided
sufficient information is available about the initial state and the dynamics of the process generating
the physical quantity. For example,

e We can determine the position of a particle moving under a constant force if we know the
initial position of the particle and the magnitude and the direction of the force.

e We can determine the current in a circuit consisting of resistance, inductance and
capacitance for a known voltage source applying Kirchoff's laws.

Many of the physical quantities are random in the sense that these quantities cannot be predicted
with certainty and can be described in terms of probabilistic models only. For example,

e The outcome of the tossing of a coin cannot be predicted with certainty. Thus the
outcome of tossing a coin is random.

e The number of ones and zeros in a packet of binary data arriving through a
communication channel cannot be precisely predicted is random.

e The ubiquitous noise corrupting the signal during acquisition, storage and transmission
can be modelled only through statistical analysis.

How to Interpret Probability

Mathematically, the probability that an event will occur is expressed as a number between 0 and 1.
Notationally, the probability of event A is represented by P (A).

= IfP (A) equals zero, event A will almost definitely not occur.

= IfP (A) is close to zero, there is only a small chance that event A will occur.
= IfP (A) equals 0.5, there is a 50-50 chance that event A will occur.

= IfP(A) is close to one, there is a strong chance that event A will occur.

= IfP(A) equals one, event A will almost definitely occur.

In a statistical experiment, the sum of probabilities for all possible outcomes is equal to one. This
means, for example, that if an experiment can have three possible outcomes (A, B, and C), then
P(A) + P(B) + P(C) = 1.




Applications

Probability theory is applied in everyday life in risk assessment and in trade on financial markets.
Governments apply probabilistic methods in environmental regulation, where it is called pathway
analysis

Another significant application of probability theory in everyday life is reliability. Many consumer
products, such as automobiles and consumer electronics, use reliability theory in product design to
reduce the probability of failure. Failure probability may influence a manufacturer's decisions on a
product's warranty.

THE BASIC CONCEPTS OF SET THEORY

Some of the basic concepts of set theory are:

Set: A set is a well defined collection of objects. These objects are called elements or members of
the set. Usually uppercase letters are used to denote sets.

The set theory was developed by George Cantor in 1845-1918. Today, it is used in almost every
branch of mathematics and serves as a fundamental part of present-day mathematics.

In everyday life, we often talk of the collection of objects such as a bunch of keys, flock of birds,
pack of cards, etc. In mathematics, we come across collections like natural numbers, whole
numbers, prime and composite numbers.

We assume that,

e the word set is synonymous with the word collection, aggregate, class and comprises of elements.
e Objects, elements and members of a set are synonymous terms.

e Sets are usually denoted by capital letters A, B, C,......, etc.

e Elements of the set are represented by small letters a, b, c, ....., etc.

If _a‘ is an element of set A, then we say that _a“ belongs to A. We denote the phrase _belongs to*
by the Greek symbol _€_ (epsilon). Thus, we say that a € A.

If _b‘ is an element which does not belong to A, we represent this as b € A.
Examples of sets:
1. Describe the set of vowels.

If A is the set of vowels, then A could be described as A = {a, e, i, 0, u}.




2.Describe the set of positive integers.

Since it would be impossible to list all of the positive integers, we need to use a rule to describe this
set. We might say A consists of all integers greater than zero.

3.SetA={1,2,3}and Set B={3, 2, 1}. Is Set A equal to Set B?

Yes. Two sets are equal if they have the same elements. The order in which the elements are listed
does not matter.

4. \What is the set of men with four arms?

Since all men have two arms at most, the set of men with four arms contains no elements. It is the
null set (or empty set).

5.SetA={1,2,3}and SetB={1, 2,4, 5, 6}. Is Set A a subset of Set B?

Set A would be a subset of Set B if every element from Set A were also in Set B. However, this is
not the case. The number 3 is in Set A, but not in Set B. Therefore, Set A is not a subset of Set B

Some important sets used in mathematics are
N: the set of all natural numbers = {1, 2, 3, 4,......}
Z: the set of all integers = {....., -3,-2,-1,0, 1, 2,3,..... }
Q: the set of all rational numbers
R: the set of all real numbers
Z+: the set of all positive integers
W: the set of all whole numbers
The different types of sets are explained below with examples.
1. Empty Set or Null Set:
A set which does not contain any element is called an empty set, or the null set or the void set and it
is denoted by @ and is read as phi. In roster form, @ is denoted by {}. An empty set is a finite set,
since the number of elements in an empty set is finite, i.e., 0.
For example: (a) the set of whole numbers less than 0.

(b) Clearly there is no whole number less than 0.

Therefore, it is an empty set.




(©)N={x:x€eN,3<x<4}
o Let A={x:2<x<3, xisanatural number}

Here A is an empty set because there is no natural number between
2 and 3.

e Let B = {x: x is a composite number less than 4}.
Here B is an empty set because there is no composite number less than 4.
Note:

@ # {0} - has no element.

{0} is a set which has one element 0.

The cardinal number of an empty set, i.e., n(@) =0

2. Singleton Set:

A set which contains only one element is called a singleton set.

For example:
* A = {x: x is neither prime nor composite}
It is a singleton set containing one element, i.e., 1.
* B ={x:xis awhole number, x < 1}
This set contains only one element 0 and is a singleton set.
eLetA={x:x€eNandx?= 4}
Here A is a singleton set because there is only one element 2 whose square is 4.
e Let B ={x:x isaeven prime number}

Here B is a singleton set because there is only one prime number which is even, i.e., 2.




3. Finite Set:

A set which contains a definite number of elements is called a finite set. Empty set is also called a
finite set.

For example:
* The set of all colors in the rainbow.
N={x:Xx€eN, x<7}

*P={23,57 11, 13,17, ....... 97}

4. Infinite Set:

The set whose elements cannot be listed, i.e., set containing never-ending elements is called an
infinite set.

For example:

» Set of all points in a plane
cA={x:x€N,x>1}

* Set of all prime numbers

*B={x:xeW, x=2n}

Note:

All infinite sets cannot be expressed in roster form.
For example:

The set of real numbers since the elements of this set do not follow any particular pattern.

5. Cardinal Number of a Set:

The number of distinct elements in a given set A is called the cardinal number of A. It is denoted
by n(A). And read as _the number of elements of the set*.

For example:




*A{x:x€eN,x<5}
A={1,2 3,4}
Therefore, n(A) = 4
* B = set of letters in the word ALGEBRA
B={A L, G,E, B, R}
Therefore, n(B) = 6
6. Equivalent Sets:

Two sets A and B are said to be equivalent if their cardinal number is same, i.e., n(A) = n(B). The
symbol for denoting an equivalent set is _<«>°.

For example:
A={1,2,3}Heren(A)=3
B={p,q,r} Heren(B) =3

Therefore, A < B

7. Equal sets:

Two sets A and B are said to be equal if they contain the same elements. Every element of A is an
element of B and every element of B is an element of A.

For example:
A={p.q,r,s}

B={p,sra}
Therefore, A=B
8. Disjoint Sets:
Two sets A and B are said to be disjoint, if they do not have any element in common.

For example;




A ={x:xisaprime number}
B = {x: x is a composite number}.

Clearly, A and B do not have any element in common and are disjoint sets.

9. Overlapping sets:
Two sets A and B are said to be overlapping if they contain at least one element in common.
For example;
*A={a,b,c, d}
B={ae i 0 U}
eX={x:x€ N, x<4}
Y={x:x€el-1<x< 4}
Here, the two sets contain three elements in common, i.e., (1, 2, 3)
10. Definition of Subset:

If A and B are two sets, and every element of set A is also an element of set B, then A is called a
subset of B and we write itas ASBorB2 A

The symbol c stands for _is a subset of* or _is contained in°

* Every set is a subset of itself, i.e., Ac A, B c B.

» Empty set is a subset of every set.

» Symbol _C° is used to denote _is a subset of* or _is contained in‘.
« A € B means A is a subset of B or A is contained in B.

* B € A means B contains A.

Examples;

1. Let A={2, 4,6}

B={6 4,8, 2}




Here A is a subset of B

Since, all the elements of set A are contained in set B.
But B is not the subset of A

Since, all the elements of set B are not contained in set A.
Notes:

If ACB and BCA, then A = B, i.e., they are equal sets.
Every set is a subset of itself.

Null set or @ is a subset of every set.

2. The set N of natural numbers is a subset of the set Z of integers and we write N c Z.

3. LetA={2, 4,6}
B = {x : xis an even natural number less than 8}
Here AcBand B c A.

Hence, we cansay A=B

4. LetA={1,2, 3,4}
B={4,5,6,7}
Here A¢ BandalsoB ¢ C

[¢& denotes _not a subset of*]

11. Super Set:
Whenever a set A is a subset of set B, we say the B is a superset of A and we write, B 2 A.
Symbol 2 is used to denote _is a super set of

For example;




A={a e i0U}

Here A Bi.e.,, Aisasubset of B but B 2 Ai.e., B is a super set of A

12. Proper Subset:

If A and B are two sets, then A is called the proper subset of Bif ASBbutB 2 Ai.e., A#B. The
symbol _c* is used to denote proper subset. Symbolically, we write A  B.

For example;

1. A={123 4}

Here n(A) =4

B={1,2 3,45}

Heren(B) =5

We observe that, all the elements of A are present in B but the element _5° of B is not present in A.

So, we say that A is a proper subset of B.
Symbolically, we write itas A c B

Notes:
No set is a proper subset of itself.

Null set or @ is a proper subset of every set.

2.A={p,q, r}

B={p,q,rst}

Here A is a proper subset of B as all the elements of set A are in set B and also A # B.
Notes:

No set is a proper subset of itself.

Empty set is a proper subset of every set.




13. Power Set:

The collection of all subsets of set A is called the power set of A. It is denoted by P(A). In P(A),
every element is a set.

For example;

If A ={p, g} then all the subsets of A will be
P(A) ={@. {p}. {a}. {p. a}}

Number of elements of P(A) = n[P(A)] =4 =22

In general, n[P(A)] = 2m where m is the number of elements in set A.

14.Universal Set

A set which contains all the elements of other given sets is called a universal set. The symbol for
denoting a universal set is U or &.

For example;

1LIFA={1,2,3} B={2,3,4 C={357}
thenU={1,2,3,4,5 7}
[HereAcU,BcU,CcUandU2A U2B,U2C]

2. If P is a set of all whole numbers and Q is a set of all negative numbers then the universal set is a
set of all integers.

3.IfA={a,b,c} B={d,e} C={fgh, i}
thenU ={a, b, c, d, e, f, g, h, i} can be taken as universal set.
Operations on sets:
1. Definition of Union of Sets:
Union of two given sets is the smallest set which contains all the elements of both the sets.

To find the union of two given sets A and B is a set which consists of all the elements of A and all
the elements of B such that no element is repeated.




The symbol for denoting union of sets is _U*.

Some properties of the operation of union:

(i) AuB = BUA (Commutative law)

(i) Au(BUC) = (AuB)UC (Associative law)

([ Aud =A (Law of identity element, is the identity of U)
(iv) AUA = A (Idempotent law)

(v) UUA=U (Law of U) U is the universal set.

Notes:

AU D =®dU A =Ai.e. union of any set with the empty set is always the set itself.
Examples:

1LIfA={1,3,7,5}and B = {3, 7, 8, 9}. Find union of two set A and B.
Solution:

AuB={135728,9}
No element is repeated in the union of two sets. The common elements 3, 7 are taken only once.

2. Let X={a, e, 1,0,u}and Y = {¢}. Find union of two given sets X and Y.
Solution:
XUY={aeliou}
Therefore, union of any set with an empty set is the set itself.
2. Definition of Intersection of Sets:

Intersection of two given sets is the largest set which contains all the elements that are common to
both the sets.

To find the intersection of two given sets A and B is a set which consists of all the elements which
are common to both A and B.

The symbol for denoting intersection of sets is _(1_.

Some properties of the operation of intersection




(i) ANB = BNA (Commutative law)

(i) (ANB)NC = AN (BNC) (Associative law)

((i®dNA=®D (Law of @)
(v UNA=A (Law of V)
(V) ANA=A (Idempotent law)

(vi) AN(BUC) = (ANB) U (ANC) (Distributive law) Here N distributes over U
Also, AUBNC) = (AUB) N (AUC) (Distributive law) Here U distributes over N
Notes:
AN®=>dN A= i.e. intersection of any set with the empty set is always the empty set.
Solved examples :
1L.IfA={2,4,6,8, 10} and B = {1, 3, 8, 4, 6}. Find intersection of two set A and B.
Solution:
ANB={4,6,8}
Therefore, 4, 6 and 8 are the common elements in both the sets.
2. 1t X={a, b,c}and Y = {¢}}. Find intersection of two given sets X and Y.
Solution:
XNY={}

3. Difference of two sets
If A and B are two sets, then their difference is given by A-B or B - A.
«IfA={2,3,4}and B={4,5, 6}
A - B means elements of A which are not the elements of B.
i.e., in the above example A - B = {2, 3}

Ingeneral, B- A={x:x €B,and x ¢ A}




« If A and B are disjoint sets, then A-B=AandB-A=B

Solved examples to find the difference of two sets:
1.A={1,2,3}and B={4,5, 6}.

Find the difference between the two sets:

(i) Aand B

(i) Band A

Solution:

The two sets are disjoint as they do not have any elements in common.
()A-B={1,2,3}=A

(i)B-A={4,56}=B

2.LetA={a, b,c,d, e ffandB={b, d, f g}

Find the difference between the two sets:

(i) Aand B

(i) Band A

Solution:

(VA-B={ac,e}

Therefore, the elements a, ¢, e belong to A but not to B
(i) B-A={g)

Therefore, the element g belongs to B but not A.

4. Complement of a Set

In complement of a set if S be the universal set and A a subset of S then the complement of A is

the set of all elements of S which are not the elements of A.

Symbolically, we denote the complement of A with respectto S as A*.




Some properties of complement sets

() AUA =A"UA=U (Complement law)

(i (ANB)=0¢ (Complement law) - The set and its complement are disjoint sets.
(iii) (AU B)=A'N B' (De Morgan‘s law)

(iv) (AN B)'=A'UB' (De Morgan‘s law)

(v) (A")' = A (Law of complementation)

(vi) @' = U (Law of empty set - The complement of an empty set is a universal set.
(vii) U'= @ and universal set) - The complement of a universal set is an empty set.
For Example; IfS={1,2,3,4,5,6, 7}

A={1,3,7}find A"

Solution:

We observe that 2, 4, 5, 6 are the only elements of S which do not belong to A.
Therefore, A'= {2, 4,5, 6}

Algebraic laws on sets:

1. Commutative Laws:

For any two finite sets A and B;

() AUB=BUA

(i) ANB=BNA

2. Associative Laws:

For any three finite sets A, B and C;

() (AUB)UC=AUBUC)

(i) (ANB)NC=AN(BNC)

Thus, union and intersection are associative.




3. Idempotent Laws:
For any finite set A,
()AUA=A

(i) ANA=A

4. Distributive Laws:

For any three finite sets A, B and C;
() AUBNC)=(AUB)N(AUC)
(i) ANBUC)=(ANB)U (AN C)
Thus, union and intersection are distributive over intersection and union respectively.
5. De Morgan’s Laws:

For any two finite sets A and B;
MA-(BUC)=(A-B)N(A-C)
(i)A-BNC)=(A-B)U(A- Q)
De Morgan‘s Laws can also we written as:
() (AUB)=A'NB'

(i) (ANB)=A'UB

More laws of algebra of sets:

6. For any two finite sets A and B;
() A—-B=ANDB'
()B-A=BNA

(i) A—-B=A=ANB=0

(iv) A-B)UB=AUB

V) (A-B)NB=90




(vi) (A-B)U (B—A)=(AUB)-(ANB)

Definition of De Morgan’s law:

The complement of the union of two sets is equal to the intersection of their complements and the
complement of the intersection of two sets is equal to the union of their complements. These are
called De Morgan’s laws.

For any two finite sets A and B;

(i) (AU B)'=A'N B' (which is a De Morgan's law of union).

(if) (A N B)'=A'U B' (which is a De Morgan's law of intersection).

Venn Diagrams:

Pictorial representations of sets represented by closed figures are called set diagrams or Venn
diagrams.

Venn diagrams are used to illustrate various operations like union, intersection and difference.

We can express the relationship among sets through this in a more significant way.

In this,

A rectangle is used to represent a universal set.

« Circles or ovals are used to represent other subsets of the universal set.

Venn diagrams in different situations

In these diagrams, the universal set is represented by a rectangular region and its subsets by circles

inside the rectangle. We represented disjoint set by disjoint circles and intersecting sets by
intersecting circles.

S.No Set &Its relation Venn Diagram

1 Intersection of A and B

AMB




A B ¢
Union of Aand B @
A B ¢
Difference : A-B @
U
Difference : B-A
A B

Difference of two sets
B - A

Complement of set A

|®

Complement of &4 or &'

AUBwhen AcB

20




7 A U B when neither Ac B
norBcA
A B
8 A U B when A and B are
disjoint sets
A B
9 (A U B)’ (A union B dash) @
A B
10 (A N B)’ (A intersection B
dash)
11 B’ (B dash)
12 (A - B)’ (Dash of sets A

minus B)




13 (A c B)’ (Dash of A subset
B)

Problems of set theory:
1. Let A and B be two finite sets such that n(A) = 20, n(B) = 28 and n(A U B) = 36, find n(A N B).
Solution:
Using the formula n(A U B) =n(A) + n(B) - n(A N B).
then n(A N B) =n(A) + n(B) - n(A U B)
=20+ 28-36
=48 - 36

=12

2. 1fn(A - B) =18, n(A U B) =70 and n(A N B) =25, then find n(B).
Solution:
Using the formula n(AUB) =n(A-B) + n(AN B) + n(B - A)
70=18+25+n(B - A)
70=43 +n(B - A)
n(B - A) = 70 - 43
n(B - A) = 27
Now n(B) =n(A N B) + n(B - A)
=25+ 27

=52
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3. Ina group of 60 people, 27 like cold drinks and 42 like hot drinks and each person likes at least
one of the two drinks. How many like both coffee and tea?

Solution:
Let A = Set of people who like cold drinks.
B = Set of people who like hot drinks.
Given
(AuB) =60 n(A) =27 n(B) = 42 then;
n(A N B)=n(A) + n(B) - n(A U B)
=27+42-60
=69-60=9
=9
Therefore, 9 people like both tea and coffee.
4. There are 35 students in art class and 57 students in dance class. Find the number of students
who are either in art class or in dance class.
» When two classes meet at different hours and 12 students are enrolled in both activities.
» When two classes meet at the same hour.
Solution:
n(A)=35  n(B)=57, n(ANB)=12

(Let A be the set of students in art class.
B be the set of students in dance class.)

(1) When 2 classes meet at different hours n(A U B) = n(A) + n(B) - n(A N B)
=35+57-12
=92-12

=80
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(if) When two classes meet at the same hour, ANB =@ n (A UB) =n(A) + n(B) - n(A N B)
=n(A) +n(B)
=35+57

=92

5. Ina group of 100 persons, 72 people can speak English and 43 can speak French. How many can
speak English only? How many can speak French only and how many can speak both English and
French?
Solution:
Let A be the set of people who speak English.
B be the set of people who speak French.
A - B be the set of people who speak English and not French.
B - A be the set of people who speak French and not English.
A N B be the set of people who speak both French and English.
Given,
n(A)=72 n(B)=43 n(AuB)=100
Now, n(A N B)=n(A) +n(B) - n(AU B)
=72 +43-100
=115-100
=15
Therefore, Number of persons who speak both French and English = 15
n(A) =n(A-B)+n(A N B)
= n(A - B) =n(A) - n(A N B)

=72-15
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=57
and n(B - A) =n(B) - n(A N B)
=43-15
=28
Therefore, Number of people speaking English only = 57

Number of people speaking French only = 28

Probability Concepts
Before we give a definition of probability, let us examine the following concepts:
1. Experiment:

In probability theory, an experiment or trial (see below) is any procedure that can be
infinitely repeated and has a well-defined set of possible outcomes, known as the sample
space. An experiment is said to be random if it has more than one possible outcome,
and deterministic if it has only one. A random experiment that has exactly two (mutually
exclusive) possible outcomes is known as a Bernoulli trial.

Random Experiment:

An experiment is a random experiment if its outcome cannot be predicted precisely. One
out of a number of outcomes is possible in a random experiment. A single performance of
the random experiment is called a trial.

Random experiments are often conducted repeatedly, so that the collective results may be
subjected to statistical analysis. A fixed number of repetitions of the same experiment can
be thought of as a composed experiment, in which case the individual repetitions are
called trials. For example, if one were to toss the same coin one hundred times and record
each result, each toss would be considered a trial within the experiment composed of all
hundred tosses.

Mathematical description of an experiment:

A random experiment is described or modeled by a mathematical construct known as a probability
space. A probability space is constructed and defined with a specific kind of experiment or trial in
mind.

A mathematical description of an experiment consists of three parts:
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1. A sample space, Q (or S), which is the set of all possible outcomes.
2. A set of events , where each event is a set containing zero or more outcomes.

3. The assignment of probabilities to the events—that is, a function P mapping from events to
probabilities.

An outcome is the result of a single execution of the model. Since individual outcomes might be of
little practical use, more complicated events are used to characterize groups of outcomes. The
collection of all such events is a sigma-algebra . Finally, there is a need to specify each event's
likelihood of happening; this is done using the probability measure function,P.

2. Sample Space: The sample space -+ is the collection of all possible outcomes of a
random experiment. The elements of < are called sample points.

e A sample space may be finite, countably infinite or uncountable.
e A finite or countably infinite sample space is called a discrete sample space.
e Anuncountable sample space is called a continuous sample space

Ex:1. For the coin-toss experiment would be the results —Headlland -Tailll, which we may
represent by S={H T}.

Ex. 2. If we toss a die, one sample space or the set of all possible outcomes is
S={1234,5,6}

The other sample space can be

S ={odd, even}

Types of Sample Space:

1. Finite/Discrete Sample Space:

Consider the experiment of tossing a coin twice.

The sample space can be

S={HH, HT, T H, TT} the above sample space has a finite number of sample points. It is
called a finite sample space.

2. Countably Infinite Sample Space:
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Consider that a light bulb is manufactured. It is then tested for its life length by inserting it
into a socket and the time elapsed (in hours) until it burns out is recorded. Let the measuring
instrument is capable of recording time to two decimal places, for example 8.32 hours.
Now, the sample space becomes count ably infinite i.e.

S ={0.0,0.01, 0.02}
The above sample space is called a countable infinite sample space.
3. Un Countable/ Infinite Sample Space:
If the sample space consists of unaccountably infinite number of elements then it is called
Un Countable/ Infinite Sample Space.

3. Event: Anevent is simply a set of possible outcomes. To be more specific, an event is a
subset A of the sample space S.

e AN
e For adiscrete sample space, all subsets are events.

Ex: For instance, in the coin-toss experiment the events A={Heads} and B={Tails} would be
mutually exclusive.

An event consisting of a single point of the sample space 'S" is called a simple event or elementary
event.

Some examples of event sets:

Example 1: tossing a fair coin

The possible outcomes are H (head) and T (tail). The associated sample space is S=1H, Thitis
a finite sample space. The events associated with the sample space + are: SAH}(Thang 2.

Example 2: Throwing a fair die:
The possible 6 outcomes are:

LB

° ) 0. [ I ) 0.0 P4
L J ® ® ° N ) [ N J

III 1.71 131 141 151 l{)'

The associated finite sample space is §={1,72,73,4.'5.6% some events are
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A=The event of getting an odd face={"'1", = 37,
£ =The event of getting a siz=1{'6"}
And so on.

Example 3: Tossing a fair coin until a head is obtained

We may have to toss the coin any number of times before a head is obtained. Thus the possible
outcomes are:

H, TH, TTH, TTTH,
How many outcomes are there? The outcomes are countable but infinite in number. The
countably infinite sample space is & ={#, TH,TTH, ...} .

Example 4 : Picking a real number at random between -1 and +1
The associated Sample space is

S={s|seR,=18sL}==]; 1]
Clearly <'is a continuous sample space.

Example 5: Drawing cards

Drawing 4 cards from a deck: Events include all spades, sum of the 4 cards is (assuming face cards
have a value of zero), a sequence of integers, a hand with a 2, 3, 4 and 5. There are many more
events.

Types of Events:

1. Exhaustive Events:

A set of events is said to be exhaustive, if it includes all the possible events.

Ex. In tossing a coin, the outcome can be either Head or Tail and there is no other possible
outcome. So, the set of events { H, T } is exhaustive.

2. Mutually Exclusive Events:
Two events, A and B are said to be mutually exclusive if they cannot occur together.

i.e. if the occurrence of one of the events precludes the occurrence of all others, then such a set of
events is said to be mutually exclusive.

If two events are mutually exclusive then the probability of either occurring is
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P(Aor B) = P(AUB) = P(A) + P(B).
Ex. In tossing a die, both head and tail cannot happen at the same time.

3.Equally Likely Events:

If one of the events cannot be expected to happen in preference to another, then such events
are said to be Equally Likely Events.( Or) Each outcome of the random experiment has an
equal chance of occuring.

Ex. In tossing a coin, the coming of the head or the tail is equally likely.

4. Independent Events:

Two events are said to be independent, if happening or failure of one does not affect the happening
or failure of the other. Otherwise, the events are said to be dependent.

If two events, A and B are independent then the joint probability is
P(A and B) = P(AN B) = P(A)P(B),

5.Non-. Mutually Exclusive Events:

If the events are not mutually exclusive then
P(AorB)=P(A)+ P(B)— P(Aand B).

Probability Definitions and Axioms:

1. Relative frequency Definition:

Consider that an experiment E is repeated n times, and let A and B be two events associated
w ithE. Let na and ng be the number of times that the event A and the event B occurred
among the n repetitions respectively.

The relative frequency of the event A in the 'n’ repetitions of E is defined as

f(A)=nal/n f(A)=na/n

The Relative frequency has the following properties:
1.0<f(A) <1

2. f(A) =1 if and only if A occurs every time among the n repetitions.
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If an experiment is repeated * times under similar conditions and the event 4 occurs in
Matimes, then the probability of the event A is defined as

P(A) = Lim 24

xR0 3
Limitation:
Since we can never repeat an experiment or process indefinitely, we can never know the probability
of any event from the relative frequency definition. In many cases we can't even obtain a long
series of repetitions due to time, cost, or other limitations. For example, the probability of rain
today can't really be obtained by the relative frequency definition since today can‘t be repeated
again.

2. .The classical definition:

Let the sample space (denoted by 5 ) be the set of all possible distinct outcomes to an
experiment. The probability of some event is

munber of ways the event can occur

mumber of outcomes in 3
provided all points in < are equally likely. For example, when a die is rolled the probability of
1
gettinga 2 is & because one of the six faces is a 2.
Limitation:

What does "equally likely" mean? This appears to use the concept of probability while trying to
define it! We could remove the phrase "provided all outcomes are equally likely", but then the

definition would clearly be unusable in many settings where the outcomes in S did not tend to
occur equally often.

Examplel:A fair die is rolled once. What is the probability of getting a _6° ?

Here S — {Ill’ I2I, I3I, I4|’ I5I, I6I} and ﬂ ={ I6I}

LN=6 and N, =1
: sl
LA =2

Example2:A fair coin is tossed twice. What is the probability of getting two _heads'?

Here S ={(#H, TH, HT, TT} jq A={HH}
Total number of outcomes is 4 and all four outcomes are equally likely.

Only outcome favourable to 4is {HH}
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Probability axioms:

Given an event £ in a sample space § which is either finite with & elements or countably infinite
with N = caglements, then we can write

s+(UL,2).

and a quantity P (£:), called the probability of event Ei, is defined such that

Axiom1: The probability of any event A is positive or zero. Namely P(A)>0. The probability
measures, in a certain way, the difficulty of event A happening: the smaller the probability, the
more difficult it is to happen. i.e

D=PiEI=1

Axiom2: The probability of the sure event is 1. Namely P(Q)=1. And so, the probability is always
greater than 0 and smaller than 1: probability zero means that there is no possibility for it to happen
(it is an impossible event), and probability 1 means that it will always happen (it is a sure event).i.e

P(S)=1,

Axiom3: The probability of the union of any set of two by two incompatible events is the sum of
the probabilities of the events. That is, if we have, for example, events A,B,C, and these are two by
two incompatible, then P(AUBUC)=P(A)+P(B)+P(C). i.e Additivity:

P(E UE)=PI(E)+PI(E) where Ei and E2 are mutually exclusive.

PULE)=XL P(E)forn=1 2, .. NwhereEi £, .. aremutually exclusive
(e, B1 NE =0).

Main properties of probability: If A is any event of sample space S then

. P(A)+P()=1. Or P()=1-P(A)

Since AUA=S,P(AU A4)=1

The probability of the impossible event is 0, i.e P(d)=0
If ACB, then P(A)<P(B).

If A and B are two incompatible events, and therefore, P(A—B)=P(A)—P(ANB).and
P(B—A)=P(B)—P(ANB).
Addition Law of probability:

A wN e

o
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P(AUB)=P(A)+P(B)-P(ANB)

Rules of Probability:

Rule of Subtraction:

Rule of Multiplication:

Rule of addition:




PERMUTATIONS and COMBINATIONS:

S.No. | PERMUTATIONS COMBINATIONS:

1 Arrangement of things in a specified In permutations, the order of arrangement of
order is called permutation. Here all objects is important. But, in combinations,
things are taken at a time order is not important, but only selection of

objects.

2 Arrangement of _r* things taken at a

time from _n‘ things ,wherer<nina
specified order in called r-permutation.

3 Consider the letters a,b and c .
Considering all the three letters at a
time, the possible permutations are
ABC ,acb,bca,bac,cbaandcab

4 The number of permutations taking r The number of combinations taking r things at

things at a time from _n‘ available a time from _n‘ available things is denoted as
things is denotedasp (n,r) ornp, C(n,r)ornC,
5 nP=r!/nC,=n!/(n-r)! nCr=P(n,r)/rt=nt/ri(n-r)!

Example 1: An urn contains 6 red balls, 5 green balls and 4 blue balls. 9 balls were picked at
random from the urn without replacement. What is the probability that out of the balls 4 are red, 3
are green and 2 are blue?

Sol:

56, 151

0 balls can be picked from a population of 15 balls jn, 9161 :
o i i
T

Therefore the required probability 1s Co

Example2: What is the probability that in a throw of 12 dice each face occurs twice.

Solution: The total number of elements in the sample space of the outcomes of a single
throw of 12 dice is = &

The number of favourable outcomes is the number of ways in which 12 dice can be
arranged in six groups of size 2 each — group 1 consisting of two dice each showing 1, group 2
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consisting of two dice each showing 2 and so on.
Therefore, the total number distinct groups

_ 12
212121212121

121

Hence the required probability is (2’6"

Conditional probability

The answer is the conditional probability of B given A denoted by PB4 We shall

develop the concept of the conditional probability and explain under what condition this

conditional probability is same as FLE).

Notation
P (B/4) = Conditional probability of B
given A

Let us consider the case of equiprobable events discussed earlier. Let Nz sample points be

favourable for the joint event ANB

ANB

Figurel

Number of outcomes favourable to A and B
Number of outcomes in &
»n(AB)
_n(AB) 5, _P(AnB)
nd) A P
7

P(BIA) =

34



This concept suggests us to define conditional probability. The probability of an event B under the
condition that another event A has occurred is called the conditional probability of B given A and
defined by

P(ArB)

P(BiA)= , B4 =0

We can similarly define the conditional probability of A given B, denoted by PAIE),

From the definition of conditional probability, we have the joint probability AN ottwo
events A and B as follows

P(ANE) = PUP(BIA) = P(B)P(A/ B)

Problems:
Example 1 Consider the example tossing the fair die. Suppose

A =event of getting an even number ={2,4, 6}
B =event of getting a number lessthan 4 ={1,2,3}
SANB ={2}
PANnB) 1/6 1
P(A) 316 3

S P(BIA) =

Example 2 A family has two children. It is known that at least one of the children is a girl. What is
the

probability that both the children are girls?
A = event of at least one girl

B = event of two girls

S = {gg. gb, bg, bb}, A={gg. gb, bg} and B = {gg}
AmB={gg}
P(ANB) _1i4 _1

B T T3 3
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Properties of Conditional probability:

1 1f BCA then P(BI4A) =1and P(AIB)2 P(4)
We have, A =5

P(ANB) _ P4 _,

S P(BIA) = SR
and
parg =2 (:j(;‘)g )
_P(A)P(BIA)
P(B)
ACY
P(B)
> P(A)
2.5ince  P(AnB)20,P(4) >0
L P(BIA) = P(ﬁ(;)g) >0
3. We have, PS4 = P(;’(;.)A) _ igj; -1

4. Chain Rule of Probability/Multiplication theorem:

P(A M Ay A) = PAYP(, T A)DP(A 14 OA). P41 AN Ay . 4)

We have,

(ANBNC) =(AnB) AT
P(ANBAC) = PANBIP(CIANE)
= P(A)P(BI APCI A B)

S PLAREBAC) = PAYP(R ] AP AnE)

We can generalize the above to get the chain rule of probability for n events as

P(A Ay A = PP A)DP(A 14 NA). P41 4N Ay .0 4,)
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Joint probability

Joint probability is defined as the probability of both A and B taking place, and is
denoted by P (AB) or P(ANB)

Joint probability is not the same as conditional probability, though the two concepts are
often confused. Conditional probability assumes that one event has taken place or will take place,
and then asks for the probability of the other (A, given B). Joint probability does not have such
conditions; it simply asks for the chances of both happening (A and B). In a problem, to help
distinguish between the two, look for qualifiers that one event is conditional on the other
(conditional) or whether they will happen concurrently (joint).

Probability definitions can find their way into CFA exam questions. Naturally, there may
also be questions that test the ability to calculate joint probabilities. Such computations require
use of the multiplication rule, which states that the joint probability of A and B is the product of
the conditional probability of A given B, times the probability of B. In probability notation:

P(AB) =P(A|B) *P(B)

Given a conditional probability P(A | B) = 40%, and a probability of B = 60%, the joint
probability P(AB) = 0.6*0.4 or 24%, found by applying the multiplication rule.

P(AUB)=P(A)+P(B)-P(AnB)
For independent events: P(AB) = P(A) * P(B)

Moreover, the rule generalizes for more than two events provided they are all independent of one

another, so the joint probability of three events P(ABC) = P(A) * (P(B) *P(C), again assuming
independence.

Summary of probabilities
Event Probability
A P(A) € [0,1]
notA | P(A°)=1- P(A)
P(AUB) = P(A) + P(B) - P(AN B)
P(AU B) = P(A) + P(B) if A and B are mutually exclusive
P(ANB) = P(A|B)P(B) = P(B|A)P(A)
P(AN B) = P(A)P(B) if A and B are independent
P(ANnB) P(B|A)P(A)

AgvenB P(A| B) = P(B) = P(B)

AorB

AandB

37




Total Probability theorem:

Let Aoy "A"be n events such that
S=4u 4 LA andA!,p,Aj:gp fori=

7" Then for any event B,

P(B) = P(A)P(BIA)
iml

Proof: We have

S P(B) = P(UB NA4)

i=1

=iP(B N4)
il

=> P(4)P(B! 4)
i=l

Figure 3

Remark

(1) A decomposition of a set S into 2 or more disjoint nonempty subsets is called a partition of

S.The subsets 44 . . .- A form a partition of S if
S=4u 4.4 and A,.mAj=¢ fori=j.

(2) The theorem of total probability can be used to determine the probability of a complex event
in terms of related simpler events. This result will be used in Bays' theorem to be discussed to

the end of the lecture.
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Bayes' Theorem:

Suppose the event B occurs if one of the events 4, 4., ... A, 0CCUIS, Thus we have the information of the
probabilities P(4) and P(Bf 4),i =1,2..,»n We ask the following question:
Given that B has occured what is the probability that a particular event A, has occured? In other words

what is p( A BT

We have P(B) = ZP(AJ P(B | AJ { Using the theorem of total probability)

il
P(A ) P(BI4,)
F(B)

_ P(4)P(BIA)
> P4 IP(BIA)

im]

" P(4|B)=

This result is known as the Baye's theorem. The probability FA) is called the a priori probability and
Fa15) is called the a posteriori probability. Thus the Bays' theorem enables us

to determine the a posteriori probability £ B) rom the observation that B has occurred. This
result is of practical importance and is the heart of Baysean classification, Baysean estimation etc.

Examplel:

In a binary communication system a zero and a one is transmitted with probability 0.6 and 0.4
respectively. Due to error in the communication system a zero becomes a one with a probability
0.1 and a one becomes a zero with a probability 0.08. Determine the probability (i) of receiving a
one and (ii) that a one was transmitted when the received message is one

Solution:
Let S is the sample space corresponding to binary communication. Suppose T be event of

Transmitting 0 and 7" be the event of transmitting 1 and 5 and £ be corresponding events of
receiving 0 and 1 respectively.
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Given %) = 0.6, P =04, P& IT) =01
(1) P(R)) = Probabilty of receiving 'one'
= (PR IT) + PL)PRIT)
=04x0.92+0.6x0.1
=0.448
(i) Using the Baye's rule
FPRHPRIT)
F(&)
- PIOPRIT)
P(R)P(R,IT) + P(R)P(R IT,)
0.4x0.92

T 04%092+0.6%0.1
-0.8214

PIR) =

ang PR 1) = 0.08.

Example 7: In an electronics laboratory, there are identically looking capacitors of three makes

4.4 and 4 in the ratio 2:3:4. It is known that 1% of "ql, 1.5% of 4

and 2% of 4 are defective.

What percentages of capacitors in the laboratory are defective? If a capacitor picked at defective

is found to be defective, what is the probability it is of make 4 ?

Let D be the event that the item is defective. Here we have to find

P4 = % 24) = % and P(4) = %

P(D) and P(4 1 D)

PO A)=0.01, (L1 A4)=0015and P(D/A) =002

S P(D) = P(AY (DI A) + P(A) P(DI 4) + P(&) P(DI 4)

2

><0,01+l><0.015+ﬂ><0.02
3 9

=0.0167

and

P41 D) = PAIPDI 4)

P(D)

i><0.O2
9

0.0167
=0.533
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Independent events

Two events are called independent if the probability of occurrence of one event does not
affect the probability of occurrence of the other. Thus the events A and B are independent if

P(BiA)=P(B) and P(AIB)=P(A)
where £ and F(5) are assumed to be non-zero.

Equivalently if A and B are independent, we have

PANB) _

P(B
P (8)
Pl(AnB) = P(AVP(B Joint probability is the
or ( i i — product of individual
probabilities.

Two events A and B are called statistically dependent if they are not independent. Similarly, we

can define the independence of n events. The events Bty oeently

only if

are called independent if and

P(4 N 4)) = P(4) P(4)
P4 M4 N4 = PU4)P(A)PA)
P(4 MA A N A) = P(4)P(A)P(A)..P(4)

Example: Consider the example of tossing a fair coin twice. The resulting sample space is
given by ~' = {HH, HT,TH,TT} and all the outcomes are equiprobable.

Let 4= 177 7T} pe the event of getting _tail' in the first toss and 5 ={TH. 8} g the
event of getting _head' in the second toss. Then

(A B) =(TH)

Again, so that

P(AnB)= % - P(A)P(B)

Hence the events A and B are independent.
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Problems:

Examplel.A dice of six faces is tailored so that the probability of getting every face is
proportional to the number depicted on it.

a) What is the probability of extracting a 6?

In this case, we say that the probability of each face turning up is not the same, therefore we cannot
simply apply the rule of Laplace. If we follow the statement, it says that the probability of each face
turning up is proportional to the number of the face itself, and this means that, if we say that the
probability of face 1 being turned up is k which we do not know, then:

P{1})=k, P({2})=2k, P({3})=3k, P({4})=4k,

P({5})=5k,P({6})=6k.

Now, since {1},{2},{3}.{4}.{5}.{6} form an events complete system , necessarily
PH1H+P{2H+P{3})+P({4})+P({5})+P({6})=1

Therefore
k+2k+3k+4k+5k+6k=1

which is an equation that we can already solve:
21k=1

thus
k=1/21

And so, the probability of extracting 6 is P({6})=6k=6-(1/21)=6/21.
b) What is the probability of extracting an odd number?

The cases favourable to event A= "to extract an odd number" are: {1},{3},{5}. Therefore, since
they are incompatible events,
P(A)=P({1})+P({3})+P({5})=k+3k+5k=9k=9-(1/21)=9/21
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Example2: Roll a red die and a green die. Find the probability the total is 5.

Solution: Let (%) represent getting * on the red die and ¥ on the green die.

S={ (L1) L2) (1,3 - (L&)
(2,10 (2,2) (2,3 - (2,6}
(3,1) (3,2) (3,3 - (3,6)

_ _ . (6,1} (6,2) (6,3) - (5,6)]
Then, with these as simple events, the sample space is

The sample points giving a total of 5 are (1,4) (2,3) (3,2), and (4,1).

4
Therefore P (total is 5) = 36

Example3: Suppose the 2 dice were now identical red dice. Find the probability the total is 5.

Solution : Since we can no longer distinguish between (%) and O>%) , the only distinguishable
points in S are

S={ (1) (L2 (1L3) - (1,6)
(2,2) (2,3) - (2,6)
(3.3) - (3.6)

(6,6)}

Using this sample space, we get a total of 5 from points (1.4) and (<. 3) only. If we assign equal
1 2
probability 21 to each point (simple event) then we get P(total is5)= 21,

Example4: Draw 1 card from a standard well-shuffled deck (13 cards of each of 4 suits -
spades, hearts, diamonds, and clubs). Find the probability the card is a club.

Solution 1: Let © = { spade, heart, diamond, club}. (The points of S are generally listed between

1
brackets {}.) Then < has 4 points, with 1 of them being "club”, so P(club) =4,

Solution 2: Let © = {each of the 52 cards}. Then 13 of the 52 cards are clubs, so

P(club) = L2 =

Y Py
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Example 5: Suppose we draw a card from a deck of playing cards. What is the probability
that we draw a spade?

Solution: The sample space of this experiment consists of 52 cards, and the probability of each
sample point is 1/52. Since there are 13 spades in the deck, the probability of drawing a spade is

P(Spade) = (13)(1/52) = 1/4

Example 6: Suppose a coin is flipped 3 times. What is the probability of getting two tails and
one head?

Solution: For this experiment, the sample space consists of 8 sample points.
S={TTT, TTH, THT, THH, HTT, HTH, HHT, HHH}

Each sample point is equally likely to occur, so the probability of getting any particular sample
point is 1/8. The event "getting two tails and one head" consists of the following subset of the
sample space.

A={TTH, THT, HTT}
The probability of Event A is the sum of the probabilities of the sample points in A. Therefore,

P(A) = 1/8 + 1/8 + 1/8 = 3/8

Example7: An urn contains 6 red marbles and 4 black marbles. Two marbles are
drawn without replacement from the urn. What is the probability that both of the marbles are

black?

Solution: Let A = the event that the first marble is black; and let B = the event that the second
marble is black. We know the following:

= Inthe beginning, there are 10 marbles in the urn, 4 of which are black. Therefore, P(A) =
4/10.

= After the first selection, there are 9 marbles in the urn, 3 of which are black. Therefore,
P(B|A) = 3/9.

Therefore, based on the rule of multiplication:

P(A N B)=P(A) P(BJA)
P(A N B) = (4/10) * (3/9) = 12/90 = 2/15
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RANDOM VARIABLE

INTRODUCTION

In many situations, we are interested in numbers associated with the outcomes of a random
experiment. In application of probabilities, we are often concerned with numerical values which are
random in nature. For example, we may consider the number of customers arriving at a service
station at a particular interval of time or the transmission time of a message in a communication
system. These random quantities may be considered as real-valued function on the sample space.
Such a real-valued function is called real random variable and plays an important role in describing
random data. We shall introduce the concept of random variables in the following sections.

Random Variable Definition

A random variable is a function that maps outcomes of a random experiment to real
numbers. (or)
A random variable associates the points in the sample space with real numbers

A (real-valued) random variable, often denoted by X(or some other capital letter), is a function
mapping a probability space (S; P) into the real line R. This is shown in Figure 1.Associated with
each point s in the domain S the function X assigns one and only one value X(s) in the range R.
(The set of possible values of X(s) is usually a proper subset of the real line; i.e., not all real
numbers need occur. If S is a finite set with m elements, then X(s) can assume at most an m
different value as s varies in S.)

A random variable: a function

X

Domain: probability space Range: real line
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Examplel

A fair coin is tossed 6 times. The number of heads that come up is an example of a random
variable.

HHTTHT -3, THHTTT -- 2.

These random variables can only take values between 0 and 6. The

Set of possible values of random variables is known as its Range.

Example2

A box of 6 eggs is rejected once it contains one or more broken eggs. If we examine 10 boxes of
eggs and define the randomvariablesX1, X2 as

1 X1- the number of broken eggs in the 10 boxes

2 X2- the number of boxes rejected

Then the range of X1 is {0, 1,2,3,4-------------- 60} and X2 is {0,1,2------- 10}

Figure 2: A (real-valued) function of a random variable is itself a random variable, i.e., a
function mapping a probability space into the real line.

Example 3 Consider the example of tossing a fair coin twice. The sample space is S={
HH,HT,TH,TT} and all four outcomes are equally likely. Then we can define a random variable
X as follows

Sample Point | Value of the
random
Variable
HH 0
HT 1
TH 2
TT 3

Here fx ={0.1.2.3}

Example 4 Consider the sample space associated with the single toss of a fair die. The
sample space is given by & =1{1.2,3,4,5,6}

If we define the random variable 4 that associates a real number equal to the number on
the face of the die, then < = {1, 2.3,4,3,6}

Types of random variables:
There are two types of random variables, discrete and continuous.

1. Discrete random variable:
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A discrete random variable is one which may take on only a countable number of distinct

values such as 0, 1,2,34,......... Discrete random variables are usually (but not necessarily) counts. If
a random variable can take only a finite number of distinct values, then it must be discrete
(Or)

A random variable X is called a discrete random variable if <z (®is piece-wise constant.

Thus e I(x:'is flat except at the points of jump discontinuity. If the sample space®is discrete the
random variable X defined on it is alwaysdiscrete.

A

Fy(x)

1 =+

»
L

2 x

Plot of Distribution function of discrete random variable

*A discrete random variable has a finite number of possible values or an infinite sequence of
countable real numbers.

—X: number of hits when trying 20 free throws.

—X: number of customers who arrive at the bank from 8:30 — 9:30AM Mon--Fri.

—E.g. Binomial, Poisson...

2. Continuous random variable:

A continuous random variable is one which takes an infinite number of possible values. Continuous rando
variables are usually measurements. E
A continuous random variable takes all values in an interval of real numbers.

(or)

X is called a continuous random variable if £x'* . 1absolutely continuous function

of x. Thus S is continuous everywhereon [ and Fy (%) exists everywhere except at finite or
countably infinite points

3. Mixed random variable:

~Xis called a mixed random variable if Fx(x? has jump discontinuity at countable number of
points and increases continuously at least in one interval of X. For a such type RV X.
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Plot of Distribution function of continuous and mixed random variables
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UNIT-11
DISTRIBUTION AND DENSITY FUNCTIONS AND OPERATIONS ON ONE RANDOM
VARIABLE

Probability Distribution

The probability distribution of a discrete random variable is a list of probabilities associated with
each of its possible values. It is also sometimes called the probability function or the probability
mass function.

More formally, the probability distribution of a discrete random variable X is a function which
gives the probability p(xi) that the random variable equals xi, for each value xi:
p(xi) = P(X=xi)

It satisfies the following conditions:

Cumulative Distribution Function

All random variables (discrete and continuous) have a cumulative distribution function. It is a
function giving the probability that the random variable X is less than or equal to x, for every value
X.

Formally, the cumulative distribution function F(x) is defined to be:
Fixy = PX < x)

for
—w L L om

For a discrete random variable, the cumulative distribution function is found by summing up the
probabilities as in the example below.

For a continuous random variable, the cumulative distribution function is the integral of its
probability density function.

Example
Discrete case : Suppose a random variable X has the following probability distribution p(xi):

xi 0 1 2 3 4 5

p(xi) 1/32 5/32 10/32 10/32 5/32 1/32
This is actually a binomial distribution: Bi(5, 0.5) or B(5, 0.5). The cumulative distribution function
F(x) is then:

Xi 0o 1 2 3 4 5
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F(xi) 1/32 6/32 16/32 26/32 31/32 32/32

F(x) does not change at intermediate values. For example:
F(1.3) = F(1) = 6/32 and F(2.86) = F(2) = 16/32
Probability Distribution Function

The probability £((4 £ x}) = F({s| X(s) < x. s€5}) i called the probability distribution
function ( also called the cumulative distribution function , abbreviated as CDF ) of ¥ and

denoted by “=*) Thus
Fy(x) = P({X < x})

Value of the random variable

Fy(x]
\

Properties of the Distribution Function

Random variable

1 0SFy(x) <1

2. F=(%) is a non-decreasing function of X . Thus, if @ < %2 then Fy(x) < £z (x;)

<

= {A(s)imc{d(s) L n)
= PlEE sn) LA E S )
SR () Ry (R

I #x(x) Is right continuous.

Fe(x*) = lim Py (x+1) = Py (x)
ki

5

i

Because, Er% F(xth)= kin% PIE(s) S x+ B
Fr0 50

=FP{X{=) £ x}

=iy (x)

Fy(—emy =0
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Because, Fy(—o) =Pls| X(s) Lo} =P(¢) =0 _

Fy(=) =1
PR <X <P = F(x) - F () Lo} = P =1

We have,

Fy(x7) = lim By (x=h)
kx0
= lim P(X(s) < x—h}
6. PU{X>x))=P({x <X <co})=1-Fy(x)
=P(X(S) <2} - P(X(S) =2
=Fy(x) - P(X = x)

Example: Consider the random variable -X in the above example. We have
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Value of the
random P(IX =x})
Variable X' =x

0 1/4
1 1/4
2 1/4
3 1/4

Forx <0,
F(x)=P{X <x})=0

For 0 £ x <1,
Fy(x) = P({X L)) = PU{X = O}) =%

Forlsx<g,
Fp(x) = P{4 Lx})
=PHA =0 {X=1)
= PU(X =03 + PU{X = 1))
1.1 1

44 2

For2<{x{3
Fo(x)=P({X £x})
=P =0 X =1u{i=2D
=P =0+P{X =1 +P{X =2}
R
4 4 4 4
Forx 2 3,
Fy(x)=P{X <x})
= F(5)
=1
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For2 {x<3
Fy(x)=P({X <x})
= PUX =0} (X =T u{X =2}
=PH{X =0 +P{X =1+ P({X=2})
1 3
=_ + i
4 4
Thus we have seen that given (%), - <X <@ \we can determine the probability of any event
involving values of the random variable X .Thus “x* "2 X js a complete description of the

random variable . .

+

| o=
o] —

Example 5 Consider the random variable < defined by

Pu(x) =0, x <=2

=lx+l, =2:4xK0
8 4

=, x20

Solutio a) P(X = 0) = F, (0%) ~ Fy(07)
1
= 1 “ =

4

W

b) P{X <0} = Fy(0)
=1

) P{X >2) =1-Fy(2)
=1-1=0
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Probability Density Function

The probability density function of a continuous random variable is a function which can be
integrated to obtain the probability that the random variable takes a value in a given interval.

More formally, the probability density function, f(x), of a continuous random variable X is the
derivative of the cumulative distribution function F(x):

f(x)= % F (x)
Fix) = P LX) 5t follows that:
[#xydx = Fib) - Bla) = Pla < X < B)

Since

If f(x) is a probability density function then it must obey two conditions:
a. that the total probability for all possible values of the continuous random variable X is 1:

[Axydx =1

b. that the probability density function can never be negative: f(x) > 0 for all x.

X (81)
A (8,)

X (83)

A (84)
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Example 1

Consider the random variable <€ with the distribution function

f

0 x<0
L owwen
A=
L e
2
k1 b S,

The plot of the Fz(x) is shown in Figure 7 on next page.

Fz(ﬂ

'l — — — — —

B =

Iu | =

|
|
|
l |
. A, E,? - x

The probability mass function of the random variable is given by

Value of the random

variable X =x Px(x)
0
1
4
1 1
£
2
1
2 L
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Properties of the Probability Density Function
——————— This follows from the fact that e I(x:'is a non-decreasing function

Fy(%) = [ fx0)du

}fx(x)dx =1

*2

4, P(n <X <x)= Ifx(x)dx

-X

Other Distribution and density functions of Random variable:

1. Bernoulli random variable:

Suppose X is a random variable that takes two values 0 and 1, with probability mass
functions

px(D=P{X=1=p

2x(0)=1-p, 0<p<Ll

And

Such a random variable X is called a Bernoulli random variable, because it describes the
outcomes of a Bernoulli trial.

The typical CDF of the Bernoulli RV < is as shown in Figure 2

Fy(x)
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Mean and variance of the Bernoulli random:

py =EX =D Jpy(k) =1xp+0x(1-p) = p

k=0

1
EX?=>k'py(k)=1xp+0x(1-p) = p
.
Sog=EX' -y =p(1-p)

Remark

« The Bernoulli RV is the simplest discrete RV. It can be used as the building block for
many discrete RVSs.
o For the Bernoulli RV,

EX"=p m=12,73..
Thus all the moments of the Bernoulli RV have the same value of #-

2. Binomial random variable

Suppose X is a discrete random variable taking values from the set (0.L....) . X iscalled a
binomial random variable with parameters n and 0sp 2l

px(k) ="Cp (1-p"* k=012
where

= n!

Ce kl{n—k)!

The trials must meet the following requirements:

the total number of trials is fixed in advance;

there are just two outcomes of each trial; success and failure;
the outcomes of all the trials are statistically independent;

all the trials have the same probability of success.

oo o

As we have seen, the probability of k successes in n independent repetitions of the Bernoulli
trial is given by the binomial law. If X is a discrete random variable representing the number of
successes in this case, then X is a binomial random variable. For example, the number of heads in _n

" independent tossing of a fair coin is a binomial random variable.

« The notation < ~ &% P)is used to represent a binomial RV withthe parameters ##and
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P
Dy =0 - =[p+-p)] =1
° Kl Kl

e The sum of n independent identically distributed Bernoulli random variables is a

binomial random variable.
e The binomial distribution is useful when there are two types of objects - good, bad;

correct, erroneous; healthy, diseased etc

Examplel:In a binary communication system, the probability of bit error is 0.01. If a block of 8 bits
are transmitted, find the probability that

(a) Exactly 2 bit errors will occur
(b) At least 2 bit errors will occur
(c) More than 2 bit errors will occur
(d) All the bits will be erroneous

Suppose < is the random variable representing the number of bit errors in a block of 8 bits.
Then < ~ 8(8,0.01).

Therefore,

(&) Probability that exactly 2 bit errors will occur
=px(2)
= 0, % 0.01° %0 99°
=0.0026
(b} Probability that at least 2 bit errors will occur
=px(0)+ px () + px(2)
=0.99° + 8 x0.01' x0.997 + ¥, % 0.01% x0.99°
=10.559%9

() Probakality that more than 2 kit errors will ocour
2
=1- 2 px(k)
oy

=1-0.993%
=0.0001

(&) Probability that all 2 bats will be erronecus
=px(8)
=001 =107"
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Bionomial Dstribution withp =08 n=0

o
(7] '
oxs
L]
03
o
puk)
0s
(4 ]
o008 ®
Pl
1 ) ) ¢ 5 é ?
k .—)

The probability mass function for a binomial random variable with n =6 and p =0.8
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Mean and Variance of the Binomial Random Variable

“We have
EX = kp (k)
k=
= >kt -prt
k=Dl

=0xg"+ > k*Cup(1-p)™
fml

k] P I

=N & -521_ »-k

; PITeELA

—E H+| ke _ oan—k

T LA

X n—1l 1 ek

— — 1_

np;(k—ljl!(n—k)!p (1-7)

_ & n-1l Y o L
_”pém}? (1-p) (Substituting &, =& - 1)
=np(p +1-p)™"
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Similarly
X
EXz - Zksz (&)
)
- ;e Cpta-py*
=02 Xq" +Zk'C',,pl(1 _p)H
S

7l x-k

f=l
X

k—
o (E-Dln-k)!
-npi(k‘l +1

k=1

2 a-p**

n-1l

k-lrq _ o ya-k-(k-1)
*Dim-ni* 4P

n=1l

x
pH - p)n-l-(k-l) + nPZ
Kal

* n=1l
np;(k R e ey

=apX(n-1)p+np
=n(n=1)p* +np

(k-D)(z=1-k+D)!

Where
< (z=1)! Moy _ o xalR-1)
D2y e U

15 the mean of B(z-1p)
ofr = yanance of X
=n(n-Dp* +ap-n'p?
=np(l-p)

p&-l - p)l‘-‘-(ﬁv“"
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3. Poisson Random Variable
A discrete random variable X is called a Poisson random variable with the parameter 4 if 4 =0

and
Px(K)= (e™\¥)/k!

The plot of the pmf of the Poisson RV is shown

() 28 g ——
02}¢ 5 B -
-;y’J s o A®3s
=% l

-

"
0 P
v
005 |
~
) 'T'{l‘.n.pc DO ]
( 3 <-

10 12 14 16 8 20

(-}
"
i
m
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Mean and Variance of the Poisson RV

The mean of the Poisson RV Xis given by
My = kax (%)
k=0
-29%
wBis i P A
=g

lk«-l
[ }C‘l[

=Sk, (k)
k)

w -1 2k
=0+Zk2€ /1
= k|

Y
k-lk-lll
_ aSk-1+2t
¢ E PR

s

=k-2l Ti -1l

_e—alzz i )&H
o 2| —

= %" +27 26"
=2+
. B

Example:The number of calls received in a telephone exchange follows a Poisson distribution
with an average of 10 calls per minute. What is the probability that in one-minute duration?

i no call is received
ii. exactly 5 calls are received
iii. More than 3 calls are received.
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Solution: Let X be the random variable representing the number of calls received. Given
Where 4 =10. Therefore,

= — =10 _
i, probability that no call is received ~#x(%) =¢7" =0,000095
e-m Xloﬁ ~

ii.  probability that exactly 5 calls are received 5! 0.0378
iii. probablllty that more the 3 caIIs are received

_ - A0% 10
= pr(fc) 1 (1+ S
0.9897

Poisson Approximation of the Binomial Random Variable

The Poisson distribution is also used to approximate the binomial distribution B(n.2) when n is
very large and p is small.

Consider binomial RV with 4 ~ &% 2) i
n—>w p—>0 sothat X =»p =1 remains constant.

Then

2D ="Cpt (=)™

ra-p*

T kl(m-k)l

n(n D—-2)..(n-k+1) 4

-k
o 2 (1-p)

5 i
I 2a-ba-3.a-E0
o 7 7 ”»
il

x=k

?-p)

a-ba-5.0-2h ; L
A8 G- py
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n"(l—-l—)(l— 3),“(1— s ])
27 27

= = 27 p.l (1- p)x-i

Bl

- 2500- 2yt
i » 2 7 (np)i(] & p)l-l

il

a-YHa-3 a-Ehara-2y
n 7 7 ” 7

ki1 -2yt
n

Note that lim(1— E)" =™,
X—o »n

a-Ha-3a-Ehara-2 .
»n 2 x n —

S py(k) =lim
n—o kl(l_i)i }CI
7

Thus the Poisson approximation can be used to compute binomial probabilities for large n. It also
makes the analysis of such probabilities easier. Typical examples are:

e number of bit errors in a received binary data file
o Number of typographical errors in a printed page

Example 4 Suppose there is an error probability of 0.01 per word in typing. What is the probability
that there will be more than 1 error in a page of 120 words?

Solution: Suppose X is the RV representing the number of errors per page of 120 words.

A ~B(120.2) \Where #Z =901 Therefore,

S A=120%0.01=0.12

P{more than one errors)
=1-px(0) - px (D
=1-g = 2™
=0.0066

In the following we shall discuss some important continuous random variables.
4. Uniform Random Variable

A continuous random variable X is called uniformly distributed over the interval [a, b],
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-w < g <& <o, if its probability density function is given by

1

Fe(D=3b-a’
0,

a=x=h

otherwise

1)

tha----

a b > x

Figure 1

We use the notation < ~ (@ #)tg denote a random variable X uniformly distributed over the
interval [a,b]

Distribution function £z &)

Forz<a
Fo(x)=0
Foraizxih

[ e

Forx > A,
Fu(x)=1

Figure 2 illustrates the CDF of a uniform random variable.
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Fifx)

1- ——

e

a b x

Figure 2: CDF of a uniform random variable

Mean and Variance of a Uniform Random Variable:

L

ty = EX = [ afy()dx = ﬁdx
- a

a+b

2

w 3 2
EX = [ 2 fr(xdx = J‘-b%adx
-0 a

b +ab+a’
3
o Prab+a® (a+h)?
* 3 4
(6-a)’
12
The characteristic function of the random variable 4 ~ U@ 8 given by

. 3 LW
by (W) = Be™ =j:—dx
al—Q
ew_ei‘w
w(b-a)
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5. Normal or Gaussian Random Variable

The normal distribution is the most important distribution used to model natural and man made
phenomena. Particularly, when the random variable is the result of the addition of large number of
independent random variables, it can be modeled as a normal random variable.

continuous random variable X is called a normal or a Gaussian random variable with
parameters Xxand & L if its probability density function is given by,
A=
f}:["fj' = : g - ;
27, —€0 € X €60

Where “#xand “x >0 are real numbers.

2
We write that X is N(#X’JX )distributed.

¥ i
If Hx = Dand i 1, and the random variable X is called the standard normal variable.

1 o

fX(x)= \/51'2

Figure 3 illustrates two normal variables with the same mean but different variances.

0.4
0.35
/
G.3 !
o225t \‘-‘Igl’"u“l |
\
B 02} \ |
L/ \,
015§ : \ |
// l"«
s ) o 'v/"’ / \ \.\-_::‘,,n\.aw;) |
y ’{/ \ N ‘
%6 5 o * e o
x
Figure 3
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« J2(%) |5 a bell-shaped function, symmetrical about * = #x
2 2
“x Determines the spread of the random variable X . If “x is small X is more

concentrated around the mean *.

o Distribution function of a Gaussian variable is

Fy(x)=P(X < 2)

= lo- }e-%[%] At

X =

9]

Substituting 9% weget

K—pay
®
¥ 1 ot

1 1
FX(X:I:E _.J: g 4 du

-d x_ﬂ-'&']

Ty

where P(x) is the distribution function of the standard normal variable.

Thus Fg () can be computed from tabulated values of ) The table P was very useful in the
pre-computer days.

In communication engineering, it is customary to work with the Q function defined by,

0(x) =1-D(x)
e 1 S -ﬁ
—@le 2 du
00) =2, Q(-x) = 0()
Note that 2 and
0(x) = 1- ¢(-2)

These results follow from the symmetry of the Gaussian pdf. The function Qi) is tabulated and the
tabulated results are used to compute probability involving the Gaussian random variable.
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Using the Error Function to compute Probabilities for Gaussian Random Variables

The function €7 is closely related to the error function 27 (%) and the complementary error
function €77e(x)

Note that,
And the complementary error function #“{® s given

erfe(x) = —2—-J’e'”’du

Mean and Variance of a Gaussian Random Variable

2
s 2 (Hx )distributed, then
HE = ity

var(X) = oy’

Proof:

o ;e _%(x-_w]g
EX=Ifo(x}dx= Ixe‘ O dx

Jz_?TJX -

_Lg

(e0y+ty)e 2 Tyl

A e,

Oz
N
w 1.

= 1 i + Hx J‘e_?ﬂ P,
2,

T~ 2T 4,
]
1 % =
=0+ jily Ie 2 du
N2 4 -
ot Substituting TTHx oy
- Hx 2 [e ?a’u=,ux “x
2T so that x = uay + iy
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Var(X) = B(X - 1)’

- }(x -#x)ge%[%] dx

emoy, 3
& : ‘[0'12“29- Oydu  (substituting u = ﬂ)
:}272'0"‘, KA Oy
2 © la
-2x ZX_ (42,77 gy
27
o.? ol 2
= 2% sf2_ */57!‘5294& (substituting £ = ?)
i3

2
=2><ax Ty 3
I |2
2
-2><ax .l_r[.l_]
T2 |2
2
Jr

6. Exponential Random Variable

A continuous random variable < is called exponentially distributed with the parameter
Ag= xz20

Jx(x)= { |

0, otherwise

A = Ujf the probability density function is of the
PDF of Exponential Random Variable is

coar
00355

ooe\
0025} \

fx(x)—)
8
/

0018F \

0.01 \
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Example 1
Suppose the waiting time of packets in <X in a computer network is an exponential RV with

Fy(x) =057 x20
Then,

05
P{0.1< X £0.5)) = 10.5945%:
0l
___e-ijO.S _ 05x01

2
=0.0241
Rayleigh Random Variable
A Rayleigh random variable X is characterized by the PDF

2L = 2
od el 550

fx(x)= a’ T
0, x =0

where @ is the parameter of the random variable.

probability density functions for the Rayleigh RVs are illustrated in Figure

07

10 12 14 16 18 20

Figure 6
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Mean and Variance of the Rayleigh Distribution
EXY = [ xfy(x)dx

& 1
2 ¥ dx

G s
~
9| =

1

© Sy B
S
]
%I
-k
W
&

el sl
o,

similarly

EX?= T 2 f(x)dx

%3

X
Se x‘ma’dx
a

= 1]

= 20" [ue™du (Substitatingu = iz)
0 2a

=2a° { Noting that Iue“‘a&x isthe mean of the exponential RV with .i=1)
0
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Relation between the Rayleigh Distribution and the Gaussian distribution

X~ NO,a)

A Rayleigh RV is related to Gaussian RVs as follow: and

2 f 2 2
X~ N©,a%) are independent, then the envelope ATy ey has the Rayleigh
distribution with the parameter & .

We shall prove this result in a later lecture. This important result also suggests the
cases where the Rayleigh RV can be used.

A\r}plication of the Rayleigh RV

Modeling the root mean square error-

Modeling the envelope of a signal with two orthogonal components as in the case of a signal
of the following form:

Conditional Distribution and Density functions

We discussed conditional probability in an earlier lecture. For two events A and B
with £05) % 0 the conditional probability £(/ 2} was defined as
P{ANBE)
P(B)
Clearly, the conditional probability can be defined on events involving a Random Variable X

P(AIB)=

Conditional distribution function:
Consider the event (£ <} and any event B involving the random variable X . The
conditional distribution function of X given B is defined as
Fy(xi B)= P[{X <x}/B]
_P[{x<xnB]

P(B)=0
. Fy (xf B) . e . P .
We can verify that satisfies all the properties of the distribution function.
Particularly.
Fy(-=iB) =0And Fy (=i B) =1.
0 A, (x/B)<1
Fy(xi B)

Is a non-decreasing function of *.
* P({x1 < Xﬁxz}fB) =PU{X <}/ B)-P{X <x}1 B)
= Fy(x/ B) - Fy(xn/ B)
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Conditional Probability Density Function

In a similar manner, we can define the conditional density function fx (21 B) of the
random variable X given the event B as

7 (xfB)=%FX (x/ B)

All the properties of the pdf applies to the conditional pdf and we can easily show that

Fx(xfB)20

w

Ifx(XfB)dx=FX(wa)=]

° -

. B(aiB)= [fx(ul B

P({x, < X < x,)/B) = Fy(x,/ B) - Fy(x,/ B)

Example 1 Suppose X is a random variable with the distribution function Fy '[x:' . Define
B={X< b}

b ora)- S 08
P{X <x)m{X <d))
(X <b}
P{X <x}n{X <))

Fy(B)
Casel: ¥ <&

P

s

Then
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And

Case 2: 2 &

Fy (x1 B) and Jx (x/8) are plotted in the following figures.

F,(x/B)

<
% ;

Figure 1
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Je&/IB)

(0
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Example2: Suppose < is a random variable with the distribution function Py () and
B={X>b}
P({X <x}nB)

P(B)
P{X <x)pn{X >8))

P{X > b}
P({X <xpn{X >))

1- 7y (8)

Fy(x1B)=

Then

g =
For <b ,{X B x} Pl 7 5] ¢.Therefore,

Fy(x/B)=0 xih

ok b (X LANE D E =A< e

Fx(xf3)= l—Fx(b)
_ Py (x)- Fy(2)
I_Fx(b)
Thus,
o, x<h
Fy(x!B)=q Fy(x) - Fy (&) N
l_FX(b)

the corresponding pdf is given by
0o, xLlb

Sx(xiB)=¢ fy(x)
I_Fx(b)

otherwise
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OPERATION ON RANDOM VARIABLE-EXPECTATIONS

Expected Value of a Random Variable
e The expectation operation extracts a few parameters of a random variable and provides

a summary description of the random variable in terms of these parameters.

o It is far easier to estimate these parameters from data than to estimate the distribution or
density function of the random variable.
« Moments are some important parameters obtained through the expectation operation.

Expected value or mean of a random variable

The expected value of a random variable & is defined by

EX = | xfy(x)dx

xy (x)dx
Provided — % exists.
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BX s also called the mean or statistical average of the random variable X and is denoted by
By

Note that, for a discrete RV X with the probability mass function (pmf) Px(Fi):i =12, V. e
pdf /=% is given by

N
Fx(®) =D py(x)8(x - x)

i=l

w

 ny = BLX]= | 5% py(1)8(x- m)dx

S |

= px(%) ] 20(x- m)ai

w

N
=% %Px (%) [ x8(x- x)dx

-

Thus for a discrete random variable X with Zx (%8 =12, N,

n
My = Z %Py (%)
inl

Jx(x)

Figurel Mean of a random variable
Example 1

Suppose - is a random variable defined by the pdf
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! aLxih

= -E:' — . .
Jx(7) 0 “ othetrwize
Then
Hy = J')g"x(x)dx
) 1 e
- J.;xb— a
_a+ b
2
Example 2

Consider the random variable & with the pmf as tabulated below

Value of the random
variable x

PX(X)

o=
cal —
N
po | —

Then

N
Hy =% %Py (%)

=Dxl+lxl+ 2><l+3><l
8 8 4 2

sl
8

Example 3 Let X be a continuous random variable with

Fy(x) = o ~w{ xlw,@>0

(P a)
Then
BEX = Ixfx (x)dx
ot 2x
— [ —dx

_mdxte

8l




Eln (1+x2) )

= 0
Hence EX does not exist. This density function is known as the Cauchy density function.

Expected value of a function of a random variable
Suppose ¥ = g(&X)js a real-valued function of a random variable X as discussed in the last

class.
Then,

BY = Eg(X) = [ g()fx(Rdx

We shall illustrate the above result in the special case & (4 when ¥ = (%) is one-to-one and
monotonically increasing function of x In this case,

A
2(x)

Yo T

'_‘_""/ M

Figure 2
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Jxix)

g(x) mmg )

Jr(p =

BY = nyy (7 )dy

f LA
glg 'lor}

where ) = g(—m=) andy, = g(=)
Substituting x = g7 (¥ so that ¥ = g(x) and gy = g'{ X)dx, we get

EY=[ g(x)fx(x)dx

The following important properties of the expectation operation can be immediately
derived:

(a) If C is a constant, #c=¢

Bo= [ ofy(Ddx=c [ f(Xdx=c
Clearly - -

(b) If £1(4) and g;(X) are two functions of the random variable & and €1 @142 gre

constants,
Elei g (A + ey g, (= o B (X )+ oy BEg, (X

Elog(X)+ gy (X)] = T alg(x) + oygy (2] Fy (x)dx
=T eyg (1) £ (Rdx+ | o3z, (1) f(R)dx

= &, [ &(X) fx(Rdx+, | gy(x) fo (W
= o8 (X )+ ey B, (X))

The above property means that £ is a linear operator.

MOMENTS ABOUT THE ORIGIN:

Mean-square value

ot = T2 fy(Rd
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MOMENTS ABOUT THE MEAN
Variance

Second central moment is called as variance

For a random variable X with the pdf fz(x)and mean xz. the variance of X is denoted by &%
and

. oh = B - py) = T (- ) fy(R)clx
defined as -

Thus for a discrete random variable X with Zx (%8 =12,... N,

% =iEN1 (% - g 2y (%)

2
The standard deviation of X is defined as 9% = ‘V'E(X_’”X)

Example 4

Find the variance of the random variable in the above example

o = B(X - py)

® a+b, 1

= [(x=210
[a-==V5

| 2.4 a+b? a+b )2
b—a[£de 2xT£XdX+[ - J{dx

_(b-a)
T

Example 5

Find the variance of the random variable discussed in above example. As already computed

17
#X_E
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oy = E(X )
17,1 17,1 17, 1 17,1
=0+l —y R+ (2 "+ [3—— )"
L R e B R G B C-w
-
&

For example, consider two random variables Ay and Xy \yith pmf as shown below. Note that
1 5
2 2

(23 a
each of 1 @9 X3 has 7er0 mean. The variances are given by % 2and 3 implying that

%32 has more spread about the mean.

Properties of variance

(1) 0% =8X" - iy

oy = E(X - ux)?
= E(X? - 23X + p%)
= BEX? - 2uy BX + Eus
= BX* - 2u% + 4y
= BX* -

Coy = By
@) If Y =cX +b, where ¢ and & are constants, hen .:rf; =c26§,

oF = EB(cX +b-cpy, -b)

= ECQ(X_ By )2
= CQO';‘;:
(3) If Zis a constant,
war(e) =0,

nth moment of a random variable

We can define the nth moment and the nth central- moment of a random variable X by the
following relations
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nth-order moment EX™ = T 2 (xdx »n=12,..

nth-order central moment B(X - g, )% = ej’ (x— px ) f(Xdxn=1,2,..
Note that e

o The mean #x~ EX js the first moment and the mean-square value  ZX?is the
second moment

« The first central moment is 0 and the variance % = £ = #z)* s the second
central moment

SKEWNESS
e The third central moment measures lack of symmetry of the pdf of a random variable
E(X - :UX)B
o% is called the coefficient of skewness and if the pdf is symmetric

this coefficient will be zero.
o The fourth central moment measures flatness or peakedness of the pdf of a random

E(X - ﬂx)4
variable. o Is called kurtosis. If the peak of the pdf is sharper, then the
random variable has a higher kurtosis.

Characteristic function

Consider a random variable £ with probability density function =) The characteristic
function of X denoted by #x (@), is defined as
By (@) = Be'*
- T &' £, (x)dx
where j =T

Note the following:

o Z(@hisa complex quantity, representing the Fourier transform of 7x(%) and

traditionally using #” instead of &** This implies that the properties of the Fourier
transform applies to the characteristic function.

We can get

T2 from #x (@), by the inverse transform
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1 T — Jax
fx[?"}=§__‘[@(m}ei da
Example 1

Consider the random variable X with pdf (%) given by

f@)==  atxgs | o
b-a = 0 otherwise. The characteristics function is given by
1 oy
@) = —— (&' -7
Irla) = )
Solution:
2 1 ;
= Jx g
oy (@) aﬁ %
1 i i
b-g Jjo |,
1 Jad Jaa
b 2 -2
jaj(b-a)( )
Example 2

The characteristic function of the random variable £ with
Fy(D =2 A5>0,x>0is
(@) = [ 2™
0

=A[e My
0

A-jw
Characteristic function of a discrete random variable

Suppose X is a random variable taking values from the discrete set Ry ={m. 7.} with

corresponding probability mass function £ '[’@:'for the value %

Then,
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=
= Z Pyl }E‘jm'

=Ry

(@)= Ea™?

= ) Px (xz')ejﬂl

If Ry is the set of integers, we can write X=ky

In this case ¥z (@ can be interpreted as the discrete-time Fourier transform with g

substituting ~“% in the original discrete-time Fourier transform. The inverse relation is
Px®)=— [ e, (@)d0
¥ o %

2y =p(1-p)%, k=01, isgiven by
gy (@) = 2" p(1-p)*
K}
=2 1= p)*
k=
9 2
1=(1=pp’*
Moments and the characteristic function

Given the characteristics function #z{@: the nth moment is given by

5

— (@)

EX" =—
jada

)
To prove this consider the power series expansion of &

P N2 T2 C NN TR
ef'”X=l+;’mX+%+......+M+..

nl
Taking expectation of both sides and assuming EX BX*,. BX" to exist, we get

AR 2 Y *
6&(03)=1+JGJEX+%+ ,,,,,, +w+ ,,,,,
! 2!
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Taking the first derivative of (@) with respect to @at @& =0 we get

LTCIpe
da )

Similarly, taking the #:% derivative of &2 (@) \ith respect to @at @ =0 we get

d" gy (@)
da

L = j?!EXX
)
Thus ,

oL B R)
j dao
and generally

PUREC
j da

w=0

w=0

TRANSFORMATION OF A RANDOM VARIABLE

Description:

Suppose we are given a random variable X with density fX(x). We apply a function g
to produce a random variable Y = g(X). We can think of X as the input to a black
box,and Y the output.
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UNIT-3
MULTIPLE RANDOM VARIABLES

Multiple Random Variables

In many applications we have to deal with more than two random variables. For example,
in the navigation problem, the position of a space craft is represented by three random variables
denoting the x, y and z coordinates. The noise affecting the R, G, B channels of colour video
may be represented by three random variables. In such situations, it is convenient to define the
vector-valued random variables where each component of the vector is a random variable.

In this lecture, we extend the concepts of joint random variables to the case of multiple
random variables. A generalized analysis will be presented for 2 random variables defined on the
same sample space.

Jointly Distributed Random Variables

We may define two or more random variables on the same sample space. Let A and I be
two real random variables defined on the same probability space (5. F.5) The mapping & — R

such that for §€ 5. (X(8).7() €Ris called a joint random variable.

‘l »
Y(s) X(s).Y(s)

\4

v

X(s)

Figure 1

Joint Probability Distribution Function

Recall the definition of the distribution of a single random variable. The event (& 270 was

used to define the probability distribution function Fz(%)  Given Fx(x) , we can find
the
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probability of any event involving the random variable. Similarly, for two random variables X
and ¥, the event (£ £ &7 £y} ={& L2} n{¥ <)} s considered as the representative event.

The probability £ £ x¥ £ y}) ¥(x,y)€ Rs called the joint distribution function or the
joint cumulative distribution function (CDF) of the random variables A" and ¥ and denoted by

FX,}’ (x, ) _

(x.y)

A

Figure 2

Properties of JPDF

Fz.r (%, ¥) satisfies the following properties:

1) By )= Fyy ()it 5 =xy andy, =y,

Ifx <xand y, <y,

(X <xn.Y<y)c{X <x.Y Ly}

D PAX S Yilony P X Sy Tk yig)
S Py (mn) £ Fyy(x.0)

3) Fry(zo.p) =8y (x70) =0

Note that £ £ —=. ¥ £y} C{X £~}

2)

4) Fy yloo,m)=1

5) Fzx(%.Y) is right continuous in both the variables.

6) If ;< x, and ¥, < )y

P <X Sxy, yi<Y S =Fyy(m.00) — Fyy(mu ) — Fyy (%, 000 + By y(2,00)

91




Given frr(xy), - (xS, -m Cy < e have a complete description

of the random variables X and ¥ .
7) Fy(x) = Fyy (x,400)

To prove this
(X <x}={X Lx}n (Y £ +oo}

LF(x) = P{X £ 2)) = PUX £ x,¥ <o} = Fy y (x,+)

Similarly fr0) =@,y
Given (%), == <x <, -2 Sy <o gaoh of Fx(x) and F (s called a marginal

Distribution function or marginal cumulative distribution function (CDF).

Jointly Distributed Discrete Random Variables

If X and ¥ are two discrete random variables defined on the same probability space
(5, #. F) such that X takes values from the countable subset % and ¥ takes values from the
countable subset & Then the joint random variable (&, Y1 can take values from the countable

subset in 8z & The joint random variable (£.1)js completely specified by their joint

probability mass function
Pry(xy) = Pls|X() = x7(s) =)}, V(x,y)€ReXRy
Given Pz , we can determine other probabilities involving the random variables & and

¥
Remark

. Pxy(xy)=0for (x,y)@& Ry xRy

X px.}'(x:}’)=1

o (2 Ry*Ry
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2 2 PX,?':X,}’:FP(( U {xyh

[0 )E Ry ¥Ry M l=Ryn R
—P(R, % R,)
=Pls| (A (z), 7 (8)) € (R, % Ry)}

This is because =r3) =1

« Marginal Probability Mass Functions: The probability mass functions Px(%) gnd Py
are obtained from the joint probability mass function as follows

px(x) = P{X =xURy)
=2 Px.y(xs)’)
Yye&yr

and similarly

py()’) o~ Z px,y(x,)’)

Xe Rx

These probability mass functions 2x(%) and 2rW) obtained from the joint probability mass
functions are called marginal probability mass functions .

Example 4 Consider the random variables . and ¥ with the joint probability mass function as

tabulated in Table 1. The marginal probabilities Pz(%) and ) are as shown in the last column
and the last row respectively.

\3’\ 0 1 2 |
%4

o [025 01 [ 015 [ 05
t [o0t14 035 | oot | 05
py(x) | 033 045 | 016

Table 1
Joint Probability Density Function

If £ and I are two continuous random variables and their joint distribution function is

continuous in both % and ", then we can define joint probability density function Sz y(x.) by
2

d
Jxy(xY) = —Fy(x,0) .
oxdy provided it exists.
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Xy
FX,}’I:XF.}?:I = _r _r f_&}r(H,V}dVdH
Clearly o

Properties of Joint Probability Density Function

. J2x(%.7) s always a non-negative quantity. That is,

Fry(x) 20 ¥(xyeR

1T fuy (o y)dndy =1

® —n-w

» The probability of any Borel set can be obtained by

PB)= I Jxy(x y)dxdy
{x.pe B

Marginal density functions

The marginal density functions RELEIPIN S of two joint RVs & and ¥ are given
by the derivatives of the corresponding marginal distribution functions. Thus

Fx(®) =4 Fy(x)
= %Fx(x,m)

- % § (1 fr s )y
= § fer ey
@)= ] Fex( )y
Thus @)= | Sy )y

and similarly  f;(7)= | fip (% y)dx

Example 5 The joint density function Fxx (%) of the random variables in Example 3 is
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1

Fer(x) = Fyy(x.5)

Axihe

82
= e [(1-e™y(1-¢)] x20y20
=2~ x20,¥20

Example 6 The joint pdf of two random variables & and I are given by

Fepmy)=cxy Oixsid ODiyid
=0 otherwise
* Find ¢.
« Find fzx(®5)

e Find fX(xj and fy(y:l
« What is the probability f(0 <X £L0<¥ <19

[ [ S Goidydn =2 [} [ v

= .:7]'02 xdx Lgydy

=4c
Code =1
1
= =—
4
A -
X_F(x,y)—zjujuu sy
2y
= 0dxd2 0Lypi2
16 8 s
Ly
Fxix) =J‘?dy 0Lyp<2
_x
2
, x
..fx(xj=§ 0Ly 2
similarly
= 0<y<2
Ty () 5 =¥y

95




FO<XaL,0<F <D
= Fx.:r 1.0+ s (@0, 0 _Fx.rcn:l:' _Fx.rﬂanj
=1_+|:| -0-n
1d

1
16

Conditional Distributions

We discussed the conditional CDF and conditional PDF of a random variable conditioned on
some events defined in terms of the same random variable. We observed that

P[{X £ x) nB)
P(B)

FXICxIB)= P(S)#U

and

FoxtB)= %Fz(ﬂﬂj

We can define these quantities for two random variables. We start with the conditional
probability mass functions for two random variables.

Conditional Probability Density Functions

Suppose X and ¥ are two discrete jointly random variable with the joint PMF Zx.x{%:)- The
conditional PMF of ¥ given X = x is denoted by Z¥x/ ) and defined as

Prxyix)= P({F =y1i/{X = 2)
_ A = 20l = 1)

PIX =z}
_Pxx(2Y) provided py(x) =0
}?x':x:'
Thus,
Prplyiz)= M provided py(x)=0
px':xj

Similarly we can define the conditional probability mass function

Pxy (x.¥)

provided py(3) =0
Pyl

Pyylxiy) =
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Conditional Probability Distribution Function

Consider two continuous jointly random variables £ and ¥ with the joint probability

distribution function Fry(xy) We are interested to find the conditional distribution function of
one of the random variables on the condition of a particular value of the other random variable.

We cannot define the conditional distribution function of the random variable ¥ on the

condition of the event £ = XJ by the relation

F o (ypfn=P¥=ylX=x
YiX

_P¥=yX=x)
PX=x

as P& =2=0 iy the above expression. The conditional distribution function is defined in the
limiting sense as follows:

Foo(wan=lm, PY¥EylxcX 2x+hx)
YiX

Py x <X Sx+ ix)
Plre X x4+ hx)

=lim x—310)

T For (% ) ke
=lim gy g ————
PR
T For ()

T &

J.li f:r:,r (% 14)edns

T

Conditional Probability Density Function

FrixW !X =%) = frx ! %)js called the conditional probability density function of ¥
given A

Let us define the conditional distribution function .

The conditional density is defined in the limiting sense as follows
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Frog Ot X = x) =lim o (Fy (7 + 2yl X = 7) — By 0/ X = x) 1 Ay
S Jpx A = = g o Py (A A A Lxt ) - Ry I x X S xr A Ay

Because, (4 =X) =lim, o (x < X < x+Ax)

The right hand side of the highlighted equation is

Ly g sy (O DT X X x4 %) = Py (0 2 <X < x+ Ax)l Ay
=lmyy g o (Pl <V 2 y+ Aylx < X x4+ Ax)) Ay
=hmy, g (PY eV Sy+ ity x <X Sx+ A P(x< X Sx+ Amdy

= hm.ﬂy—}ﬂ..ﬂx—}lﬁl Fyp (X Y)Axipd fo (x)Axhy
= frr(x ) fx(x)

L xR = Py (2 p) i)

Similarly we have

Ll xRV = fep () B0

2
Two random variables are statistically independent if for all (xy) el

Trxyin= 1)

or equivalently

Jrrxy)= fx (A fry)

Example 2 X and Y are two jointly random variables with the joint pdf given by

Frplx )=k for 0Lz <1

= [ otherwise

find,

(a) &
(0)Sx (%) and f ()

() Fxlxly)

Solution:
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r L Vdydx =1
Since Ilfx'Y(x »bx

We get

kxlxlxl=l
2

=k=2

S fxry(xy)=2 for0Lxllasy<x

= () otherwise

Jx(x)= Ifx,y(X,}")d}’ = 2!@’ =2x

© 1
Fr0)= [ S(e)dx = 2[dx = 21-)
- y

Independent Random Variables (or) Statistical Independence

Let < and " be two random variables characterized by the joint distribution function
Fyy(x))=P(X <xY <y)

and the corresponding joint density function Sra(®y) = H%F” (x.7)

2
Then X and ¥ are independent if 7 &Y€ B, {& < x}ang (¥ £ 9 are independent events.
Thus,
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Fow(xy)=F{X 2z 2y}
=P{F L x}PY <)
= Fy (x) 5y ()

_ ajFx,y(?f:P)
dxdy
-2 A Q)
dx d

= Falx) )

'I'f;{_}'(xsy) = fx{x}fy@)

-'-fx.}'(?f,y:'

and equivalently Jrx(0) =70
Sum of Two Random Variables

We are often interested in finding out the probability density function of a function of two or
more RVs. Following are a few examples.

 The received signal by a communication receiver is given by

Z2=K+7
where £ is received signal which is the superposition of the message signal £ and the noise .

¥ /+“\b z

T

* The frequently applied operations on communication signals like modulation,
demodulation, correlation etc. involve multiplication of two signals in the form Z = XY.

We have to know about the probability distribution of £ in any analysis of Z . More formally,

given two random variables X and Y with joint probability density function Frx (%) and a

Z =g(X’Y)’We have to find fz[z)_

function
In this lecture, we shall address this problem.

Probability Density of the Function of Two Random Variables
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2 2
We consider the transformation £ & — R

Consider the event {Z <z}

D B onthat 22 ={(x¥) e(xy) <2}

corresponding to each z. We can find a variable subset

A\ 4

Figure 1
SR (2)=PUZ <z
= P{(x2)I(x)e i)
= J;[ Jxy (x,y) dydx

(xJ

dFy (z)

and f; (z) =
Probability density functionof Z=X+Y .

Consider Figure 2
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Figure 2

We have
&4z
e A T e

Therefore, Dy is the colored region in the Figure 2.

S By (z)= I;L; Sxy (%) dxdy

(=¥

1
B, B e, B e, B

j Fay (% y)dy] i

. ;
If:'f.lf (x4 - x)du [dx  substituting y =u -x

Ifx.y (%0 - x)dx|du interchanging the order of integration

S Sy (z) = % } j‘fx‘y i ~ x)dx] du

= }fz.}' (xu-x)dx

L falz)= T Sry{mu—x)dx

102




If X and Y are independent
Sy (2 -x)= fy (x) fy(z-x)
S22 = [ el e -n)dn
= Fx(2)* y (2)
Where * is the convolution operation.
Example 1

Suppose X and Y are independent random variables and each uniformly distributed over (a, b).
Jx (%) And fy () are as shown in the figure below.

fx(x)
1/b=g [ovevenieens
a b X
f(y)
1/b-a
a b y
fz(z)
2/b-a
a b 2b-a z

The PDF of # = .4 + I is a triangular probability density function as shown in the figure.

Central Limit Theorem
Consider # independent random variables Xy, &30 Xy The mean and variance of
each of the random variables are assumed to be known. Suppose E(Xy) = Hx; and

var (£;) = ois . Form a random variable

R S G R

The mean and variance of ‘= are given by
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EFy = My = My Yy Yot Hy,

var (F,) = a3 = E{ > (X, ) ¥
i=1l

= D EX -m) + DD B(E, - ) (K- 1)
iml jm] Fml,

and - X, and XJ. areindependent for i = ;

Thus we can determine the mean and the variance of .

Can we guess about the probability distribution of )
The central limit theorem (CLT) provides an answer to this question.

Y, = ZX

The CLT states that under very general conditions c{nverdek in }istribution to
Y~ N( tty, 03 ) as # = The conditions are:

1. The random variables %1 %2+ Xxare independent and identically distributed.
2. The random variables 41 ¥2:- X gpe independent with same mean and variance,

but not identically distributed.

3. The random variables %1 42:2 Xugre independent with different means and
same variance and not identically distributed.

4. The random variables 4142+ Xy gre independent with different means and
each variance being neither too small nor too large.

We shall consider the first condition only. In this case, the central-limit theorem can be stated as
follows:

Proof of the Central Limit Theorem:

We give a less rigorous proof of the theorem with the help of the characteristic function.
Further we consider each of %1 X2.- X to have zero mean. Thus, ¥, = (X + X, +..+ X) I,
My, =0,
% -

Clearly, E) = E(X¥)iafn and 50 on.

The characteristic function of fxis given by
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&, (@) = E(E;uyx) . g[;migﬁ]

We will show that as # —= &2 the characteristic function 1, is of the form of the characteristic
function of a Gaussian random variable.
Expanding & ““* in power series

':Jm:'g a (ijgfz +

o= 1+ jal, + LK+
S En T ST

Assume all the moments of {4 to be finite. Then

n

. st d : ]
b(@ = B =1+ o+ L pal « 2 ped «

= 2y N
Substituting Hy, =0 and E(Y)= Oy =0, weget

dy (@) =1- (@ 2oy + Ri@ x)

where F(&.%) is the average of terms involving o and higher powers of & .

Note also that each term in F{&.%) involves a ratio of a higher moment and a power of # and

therefore,
lim Bfax) =0

=300

'l
7

@ -
Solim gy (@)=l —Eaﬂ.:e

n—roo

which is the characteristic function of a Gaussian random variable with 0 mean and variance

2
Oy

F, —5= N(0, az)
OPERATIONS ON MULTIPLE RANDOM VARIABLES

Expected Values of Functions of Random Variables

If I =gld) is a function of a continuous random variable A, then
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i EY =Eg(X)= 2 g(0)py(x)
If I =gld) is a function of a discrete random variable A, then e Ry %

Suppose Z=g(4.T) is a function of continuous random variables & and ¥ then the
expected value of Z is given by

EZ = Bg(X.y) = | 25 (2)dz

-

= [ 1 2o fay(xy)dndy

Thus £Z can be computed without explicitly determining Jz2)

We can establish the above result as follows.

Suppose Z = 8(X.¥) has Mroots (Vi 171285t Z =2 Then

b

(2K Z L z+ L) =U{(7g,yi)e£@,-}
ial
Where

A0 s the differential region containing (5.4 The mapping is illustrated in Figure 1
forz=73,

{z «Z =z+ 4z}

AD,

Figure 1
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Note that

Pz Zsz+ b)) = fr(Dhe= D fry(xun)indy,
(% ¥l

Lafp@le = Dy (x.y)ixby,

(%) )en)

= > g(xm.y) fxr G ) A%y,

(X} )enD)

As Z is varied over the entire £ axis, the corresponding (non-overlapping) differential regions
in X — I plane cover the entire plane.

w

" 2@z = | ] e ay(xy)dudy

-0

Thus,

Bg(X.y) = | | g(xy) fuy (x.y)dady

If £ =&(&. 1) is a function of discrete random variables & and ¥ , we can similarly show that

EZ=Eg(X.)= 2 2gx))pxy(xy)

XJyeR xRy

Example 1 The joint pdf of two random variables X and ¥ js given by

fx_y(x,y)=%xy 0£x£2, 0{yL2

=0 otherwise
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e X2
Find the joint expectation of &(4,¥)=&"T

Eg(X ¥Y=EX*Y
= T T g(x.2) Sy (x.¥)dxdy

- =0

12 2
=—[Zdx]y'dy
44 0

Example 2 If Z =aX +bY, where @ and & are constants, then

BZ = gRY¥ + hEY
Proof:
EZ = [ [ (ax+by) fyy(x.y)dudy
= | [ axfyy(x.y)dxdy + [ [ &yfyy(x,y)dxdy

= [ax [ fyy(xy)dydx+ [ By [ fyy(x,y)dxdy

-

=a? fo(x)dx*Pb? xfy (Vidy
= qBX +bhEY

Thus, expectation is a linear operator.
Example 3

Consider the discrete random variables X and ¥ discussed in Example 4 in lecture 18.The
joint probability mass function of the random variables are tabulated in Table . Find the joint

expectation of £(.¥)= XY
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\3’\ 0 I 2|
v

o foz2s o1 | 015 | 03
1 [o1s 035 [ oo [ 03
py(x) | 038 D045 | 0716

Clearly, EXY = ¥ T g Y)pyy(x,y)

JE,J'ER;HE,'
=1=x1x0354+1x2=0.01
=037

Remark

(1) We have earlier shown that expectation is a linear operator. We can generally write

Blayg (X, 1) +ayg, (X, V)] =a Bg (X, 7)) +a,Bg,(X. 1)

Thus E(XY +5log, XY) = EXY +5Elog, XY

(2) If X and ¥ are independent random variables and £¢5- %2 = & (X1&.(¥D then

Eg(X,Y)= Eg (X)gz )

- T 1 6 ()g, @) fry(x y)dx

-3 -3

= 1 1 a(D)g @) fr(x) fy (dxdy

-3 -3

= [ ) fx(@dx | £, )y
= BEg (X)Eg,(¥)

Joint Moments of Random Variables

Just like the moments of a random variable provide a summary description of the random
variable, so also the joint moments provide summary description of two random variables. For

two continuous random variables X and ¥ | the joint moment of order #* 2 s defined as
EXTY )= [ [ XYy (xy)dxdy

And the joint central moment of order #+ s defined as
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B(X— g W - ) = | (5= e (v 1y Fi (., y)dy

=0 =0

where #xz=EXgnd #y=EF

Remark

(1) If X and ¥ are discrete random variables, the joint expectation of order # and 2 is
defined as

EQX™Y)= T EXY'pxy(%Y)

(xR
EX -uy )" -py)'= T B puy) (- sy 22:(x ¥
(XJ’)CR,Y;

(2) If m =1and = =1, we have the second-order moment of the random variables
& and ¥ given by

w0 w

[ [ %0y (x y)dady if X and ¥ are continuous
E(XY)= — —0

T Zopxy(xy) if X and ¥ are discrete
(xp¥eRy :

(3) If X and ¥ are independent, &Y} = ZXEY

Covariance of two random variables

The covariance of two random variables & and ¥ s defined as

Cov(X 1) = ECX - iy XY - py)

Cov(X, Y) is also denoted as TRE,

Expanding the right-hand side, we get

Cov(Z, 1) = B(X - ux )T - pir)
= B(XY - py X = pyY + iy jiy)
= BXY - py BX - piy BY + piy iy
= BXY - piy piy

Cov( X,
pm =D | 3
The ratio xSy s called the correlation coefficient.
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If @z 7 ¥ then X and ¥ are called positively correlated.
If xx <0 then X and ¥ are called negatively correlated
If @z =Uthen X and ¥ are uncorrelated.

We will also show that e, D] 1. To establish the relation, we prove the following result:

For two random variables X and ¥ & (X¥) < BX’ BV
Proof:

Consider the random variable # =aX +F

EaX +7)? 20
= @?EX* + BV 42qBXY 20,

Non-negativity of the left-hand side implies that its minimum also must be nonnegative.

For the minimum value,

dEZ* EXY
=0l=a=-—%
da BX
so the corresponding minimum is

B xy B xy
- + BV -2 -
EX EX
N By
Ex?

Since the minimum is nonnegative,




_ Cov(E,T)

AR oxOY
_ ECX - py )Y - py)
BT - i) B - )’
otz 1| - 2 E T )

JET - u) BT - )’
B - ) BT - '

LSBT ) B - )
=1

Thus PCEDIS1
Uncorrelated random variables
Two random variables & and ¥ are called uncorrelated if

Covi& I)=10

which al so means

E(XY ) =iz ily
Recall that if X and ¥ are independent random variables, then 7xx %)= fx(x)./r i)

EXY = T T Wy (% Yidxdy assuming X and ¥ oare confinuous
= [ | mfy () dy (ylddndy

- [ wtidx | v )y
then = BYRY

Thus two independent random variables are always uncorrelated.

Note that independence implies uncorrelated. But uncorrelated generally does not imply

independence (except for jointly Gaussian random variables).
Joint Characteristic Functions of Two Random Variables

The joint characteristic function of two random variables X and Y is defined by
Gy 7 (@, ) = B0

If £ and I are jointly continuous random variables, then
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Q}X-}r Ii(ﬁl, &Jz:l = I ‘I‘ fx-}r I:x’y)e.}ulxh?.ﬂz}'dydx

Note that Py (@, @) is same as the two-dimensional Fourier transform with the basis function

a Joak+ Jon ¥
instead of

E.—i.r'c-um'um _

Jxx(%.¥) s related to the joint characteristic function by the Fourier inversion formula

l L= ] » x_.
Jay(®) =z [ [ el @)e ™V dad e

If A and ¥ are discrete random variables, we can define the joint characteristic function in terms
of the joint probability mass function as follows:

@x,y {5331, ﬂ?g:l = Z pr‘y (I,y}gmﬂﬂﬁy
(X} R

Properties of the Joint Characteristic Function

The joint characteristic function has properties similar to the properties of the chacteristic
function of a single random variable. We can easily establish the following properties:

1. Py (@) = Py p (@ 0
5 6(@) = 85 (0,)

3. If A and I are independent random variables, then

Q?X,}"{ml’ m‘z:l = E@J"’l-x*'if-‘zl’
- E(é,.i"f-‘ulfé..i"uz}')
= Eé..i"ﬂlzﬂ"é.?'ﬂe?

= gy (@ )y ()

4. \We have,

13



Py y (@, @) = Fguied

a . 2
=E(1+j&ﬁX+jm2F+M+ .............. )
23 2 ] 2
SR %231"

=1+ j@BX + ja BY +
Hence,
By 0.0)=1

1 4
B =——— gy, an)
Jia

3y =1

14
BY = ——— iy, )
Jdm

2, =0

1 8%, (e, @)
Xy = =& 2 2

J dadae

o =, =0
In general, the (2 + 1)t order joint moment is given by

1 &y (@, @)

SM+Y

EX™YY = S
J day o ay,

Al cagmll

Example 2 The joint characteristic function of the jointly Gaussian random variables £ and
¥ with the joint pdf

1
2': 1‘Pr,r:|

SR

meg}f-\ﬁ _p?::.}'

fz&"ﬁﬂﬁ}f} -£

Let us recall the characteristic function of a Gaussian random variable

X Nty 05

I 14




b (o3 = 5o

2

1=
= .
= p A5 Py
Rroy .
w1 TER gy e XM - i 0y =T ) P g
_ ; J‘e 2 oy o
oy .,
1 (—erga?+d pagarfel - _l[?f—m—r?}.r'v]i
=gt F .
:\HEJTJX % .
Areuunirwuﬁmssim
g

=€ij:.=—axm .fzx-l
_ E,.:.g}_._;-'u-a'}gmg F]
If £ and ¥ is jointly Gaussian,

1
Etl'Pylrj

(5] o) 22|

2mXJ}"Jl - -'Di',}’

fx.}'(xry:' =Z

we can similarly show that

Py y (@, @) = Eelt¥a m;?:'

. o
S iy = TG 42 o g i, 4T |

We can use the joint characteristic functions to simplify the probabilistic analysis as illustrated
on next page:
Jointly Gaussian Random Variables
Many practically occurring random variables are modeled as jointly Gaussian random variables.
For example, noise samples at different instants in the communication system are modeled as

jointly Gaussian random variables.

Two random variables & and ¥ are called jointly Gaussian if their joint probability density

Uiy B o iy i) (g P
| T fi s
P I BT

= 00 €0, 0 o0
Sz y) Wﬂxﬂy T ; X0, Loy

15




The joint pdf is determined by 5 parameters

e means Hr aduy
) -
e variances “x M&Cy

« correlation coefficient “X.¥

We denote the jointly Gaussian random variables X and ¥ with these parameters as
(K1)~ N(pty. ty. 03, 0%, Oy )

The joint pdf has a bell shape centered at ““x-4¢) as shown in the Figure 1 below. The

2 2
variances X 9 S¥ determine the spread of the pdf surface and “&.F determines the orientation
of the surface in the £ — ¥ plane.

Fid
feyfeyl

Figure 1 Jointly Gaussian PDF surface

Properties of jointly Gaussian random variables

(1) If £and I are jointly Gaussian, then & and I are both Gaussian.
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We have

Fe® = | oy ()

D R (L i LS Eor SN 2
T 2( o )| % EXTy o J
—0 zm_xﬂ'y ﬁ E y
1*-my 1 # ylrmpy P 2 oy R NPy ) oy iz
E L% 2. 2(1—,0:% Y:l er_‘gx 2y XY ﬂrf,
S ] I 1 ~ dy
Lray 4, May‘ﬁ—,o% ¥
1f = XT # (}‘_ﬂy _P_x‘}r“}:(x‘)‘_x)
o *y g 2.:3(1—5‘},3 X dy

Similarly

2
5L 0) = e

(2) The converse of the above result is not true. If each of X and ¥ is Gaussian, X and ¥ are
not necessarily jointly Gaussian. Suppose

[IA-%:)? rr#)?]
Sy (xy)= gm}(,’_ (1+sin xsin y)

Fxx (%2 i this example is non-Gaussian and qualifies to be a joint pdf. Because,

Jxr(xy) 20 ppq
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T " ot

i [ra—u,,rJi+r:‘-—JJ,—J":|
T I+ sin xsin W idvdx

W

1
I Izmxrrg
-0 =0

wow 1 r"‘_"'}(]lz_i_""_J"f':'.2 m oo _1 r"“_"'}(':'-2 ”'_J"F]?

= i BT ddvdn + L, U F G rsin vdydx
‘l“_l‘ L y ‘r‘l‘ﬁmyﬁr _}" y
o A A L

o=t . re-n 3

"o
- 1 E. .
[ J‘e sin xdx Ié sin y v

o
l—v—)
e gration of an odd imction

=1+0

=1

The marginal density 2 i given by

- . [ra—n;,]1+ry—al,.]1]
_
= 1 & & - :
ftm = J"-?_Wyrr g (1+ sin xsin ydy
—
© _JS r&-%:ﬁ_‘_rr#]ﬁ - | M-JIXJ2 .H-J-I,-]i
= 1 Ly & adv + 1 weap o |0 ef : ] }uﬂ
J'me fy J'me sin xsin v
- - intezration of Anodd finetion
i
l[x—#,]
] -
=_1 X +
rorrd ]
2
] -
1 2 ¥
IFA.-

_1-1*‘1“112
5,00 =2 )
Similarly, =" +

Thus & and ¥ are both Gaussian, but not jointly Gaussian.

(3) If £and ¥ are jointly Gaussian, then for any constants and & the random variable
Z given by Z = aX +5Y is Gaussian with mean #z = %Hx * & and variance
oyt =alay? ey + 2abayoy oy y
(4) Two jointly Gaussian RVs £ and fare independent if and only if X and are

uncorrelated (Oxy =0) .Observe that if £ and &re uncorrelated, then
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-1

(g 12_'_(}'-@12
1 X ¥
Far(5Y) = mmm €

ix—px:lg l:J-".H-}r:'z
D Bl U
-..I'ﬁ?ra'f 2 Oy
= fr(x) e ()

Example 1 Suppose X and Y are two jointly-Gaussian 0-mean random variables with variances
of 1 and 4 respectively and a covariance of 1. Find the joint PDF Jfxy(x.})

piy= iy =0,0% =1, a3 = dand coV(X,¥) =1
Cov(X.¥) 1 _1
T ooyay  1x2 2

Pyr

and

= 1
I XY (x,») m g
1
= 2
We have 2.5

2

lited

Example 2 Linear transformation of two random variables

Suppose £ =aX + &Y then

&y (@) = BEe’*? = B = ¢ (a@,ba)

If A and I are jointly Gaussian, then

Pz (@) = &y y(a@, ba)

. 1
ei()"ﬁz"')ﬂ":""5':02‘52.('*2;".:.70%}"1 +i0d jwt

Which is the characteristic function of a Gaussian random variable
With mean sz - sy + 4 and variance oa = oy +2ey yo 4oy +0;

thus the linear transformation of two Gaussian random variables is a Gaussian random
variable.
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Example 31fZ=X+ Y and X and Y are independent, then
$p (@) = Py y (@, @)
= gy (@) g (@)

Using the property of the Fourier transform, we get

Jz(2) = fx(2)* fy(2)

Hence proved.

Univariate transformations

When working on the probability density function (pdf) of a random variable X, one is
often led to create a new variable Y defined as a function f(X) of the original variable X. For
example, if X~N(|, %, then the new variable:

Y =1(X)=(X-W/a
IsN (0, 1).
It is also often the case that the quantity of interest is a function of another (random)

quantity whose distribution is known. Here are a few examples:
*Scaling: from degrees to radians, miles to kilometers, light-years to parsecs, degrees

Celsius to degrees Fahrenheit, linear to logarithmic scale, % to the distribution of the variance
* Laws of physics: what is the distribution of the kinetic energy of the molecules of a gas if
the distribution of the speed of the molecules is known ?

So the general question is:
*IfY = h(X),
* And if f(x) is the pdf of X,
Then what is the pdf g(y) of Y?
TRANSFORMATION OF A MULTIPLE RANDOM VARIABLES

Multivariate transformations

The problem extends naturally to the case when several variables Yj are defined from

several variables Xj through a transformation y = h(x).
Here are some examples:
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Rotation of the reference frame

Let f(x, y) be the probability density function of the pair of r.v. {X, Y}. Let's rotate
the reference frame {x, y} by an angle g. The new axes {x', y'} define two new r. v. {X',
Y'}. What is the joint probability density function of {X', Y'}?

Polar coordinates

Let f(x, y) be the joint probability density function of the pair of r. v. {X, Y},
expressed in the Cartesian reference frame {x, y}. Any point (X, y) in the plane can also be
identified by its polar coordinates (r, ). So any realization of the pair {X, Y} produces a
pair of values of r and gtherefore defining two new r. v. R and .¢
What is the joint probability density function of R and? What are the (marginal)
distributions of R and of @

Sampling distributions

Let f(x) is the pdf of the r. v. X. Let also Z1 = z1(x1, X2... Xn) be a statistic, e.g. the
sample mean. What is the pdf of Z1?

Z1 is a function of the n r. v. Xj (with n the sample size), that are lid with pdf f(x). If it is
possible to identify n - 1 other independent statistics Zi, i = 2... n, then a transformation Z =

h(X) is defined, and g(z), the joint distribution of Z = {Z1, Z2, ..., Zn} can be calculated.
The pdf of Z; is then calculated as one of the marginal distributions of Z by integrating g(z)
overzj,i=2,..,n.

Integration limits

Calculations on joint distributions often involve multiple integrals  whose
integration limits are themselves variables. An appropriate change of variables sometimes
allows changing all these variables but one into fixed integration limits, thus making the
calculation of the integrals much simpler.

Linear Transformations of Random Variables

A linear transformation is a change to a variable characterized by one or more of the
following operations: adding a constant to the variable, subtracting a constant from the variable,
multiplying the variable by a constant, and/or dividing the variable by a constant.

When a linear transformation is applied to a random variable, a new random variable is
created. To illustrate, let X be a random variable, and let m and b be constants. Each of the
following examples show how a linear transformation of X defines a new random variable Y.

Adding aconstant: Y =X +b

Subtracting a constant: Y = X - b
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Multiplying by a constant: Y = mX
Dividing by a constant: Y = X/m
Multiplying by a constant and adding a constant: Y = mX + b

Dividing by a constant and subtracting a constant: Y = X/m - b

=&

T
Suppose the vector of random variables X === XN) has the joint

o = fix1.---, Y= B A B
dlstrlbutlonﬂx) fear ¥ ). Set ’ N fO{ some square matrix  and vector . If
detA+0 ¥ o AT (= B) )

* then ~ has the joint distribution ( )

gv).

F2() (this is the distribution density of 1?") and

X- . D ¥F—
“ﬂx). For any domain  of the space we can

ng@m=mreu)=w+seu)=

Indeed, suppose is the notation for "the

write
= Prob(X € A1(D—B)) =]' fox)dx =
AYD-BY )
We make the change of variables
y=Ax+3B

in the last integral.

= Al v— D(x) dv = Alw— Ld}!_ Linear transformation of
‘Ilﬂﬂ: v B)D‘Dﬁ')‘ ‘Ilﬂ'ﬂ: ¢ B)D‘HA $andomvariables)

oE+u. N(po?) _ ¢

The linear transformation is distributed as
Definition of normal variable).

. The * was defined in the section (

&2 181 +028>

For two independent standard normal variables (s.n.v.) &1 and =2 the combination ©
N(0. fo7+07 )

is distributed as

A product of normal variables is not a normal variable. See the section on the chi -
squared distribution.
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UNIT 4
STOCHASTIC PROCESSES-TEMPORAL CHARACTERISTICS

Random Processes

In practical problems, we deal with time varying waveforms whose value at a time is
random in nature. For example, the speech waveform recorded by a microphone, the signal
received by communication receiver or the daily record of stock-market data represents random
variables that change with time. How do we characterize such data? Such data are characterized
as random or stochastic processes. This lecture covers the fundamentals of random processes.

Recall that a random variable maps each sample point in the sample space to a point in the
real line. A random process maps each sample point to a waveform.

Consider a probability space (5. F.F} A random process can be defined on & F.F} as an

indexed family of random variables {(Xis.4) seStelhywhere Tis an index set, which may be
discrete or continuous, usually denoting time. Thus a random process is a function of the sample

point £ and index variable and may be written as Ait.s),

X 653)

7 st X{ t,51) > I

L

00 At B 0 W &

I TR

) 1
Figure : Random Process i
Example 1 Consider a sinusoidal signal < @) =4¢0s @& \where Ais a binary random

variable with probability mass functions Z4() =# and Za(-D =1-p.
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Clearly, (&) ¢ €T} js a random process with two possible realizations
Xi(g) =cosat opq X500 =
with two values

COS @y gng T COS @y

~Cos @ At g particular time % % (o) is a random variable

Classification of a Random Process

a) Continuous-time vs. Discrete-time process
If the index set T'is continuous, { % &) £€ T} js called a continuous-time process.

If the index set T'is a countable set, (@), £€ '} js called a discrete-time process. Such a

random process can be represented as {X[r) neZ}

X,, nz0}

and called a random sequence. Sometimes

the notation {
positive integers.

is used to describe a random sequence indexed by the set of

We can define a discrete-time random process on discrete points of time. Particularly,
we can get a discrete-time random process { XT#], # < Z} by sampling a continuous-time process

(X @, €T} ata uniform interval Tsuch that £1#] = X(2T).

The discrete-time random process is more important in practical implementations.
Advanced statistical signal processing techniques have been developed to process this type
of signals.

b) Continuous-state vs. Discrete-state process

The value of a random process At js at any time d¢an be described from its probabilistic
model.

The state is the value taken by A2 at a time tand the set of all such states is called the
state space. A random process is discrete-state if the state-space is finite or countable. It also

means that the corresponding sample space is also finite or countable. Otherwise , the random
process is called continuous state.

Firtst order and nth order Probability density function and Distribution functions

As we have observed above that <) ata specific time 5 a random variable and canbe

described by its probability distribution function Fyiy(®) = PLLE) £ ). Thig distribution
function is called the first-order probability distribution function.

» dFX(:)(X)
. . . . ] . fxm(x) eSS T
We can similarly define the first-order probability density function dx
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To describe (& ), ¢} , We have to use joint distribution function of the random variables at
all possible values of . For any positive integer #, 4 &)X &), . L&) represents 7 jointly

distributed random variables. Thus a random process {(£().£€T} can thus be described by

i1 —th order

specifying the joint distribution function .

Fmaximn. xe)F % B = PA G S 1, XG) =5, X)) S x), Vn2land Vi, €T
or th the # ~##arder joint probability density function

372
Fd (5 S x)=————F Cx X xe)
P (R B {0 A Ry L * 37(1 3)(2 y _ax” KL L X5 ) 42 (.

If (X@).2€ T} js a discrete-state random process, then it can be also specified by the collection

of 1~ th order joint probability mass function

Moments of a random process

We defined the moments of a random variable and joint moments of random variables. We can

define all the possible moments and joint moments of a random process {(£@),tel}
Particularly, following moments are important.

« #x(®) = Mean of the random process at ¢ = Z(AE)

Ry(t),t,) = autocorrelation function of the processattimest),t, = E(X(4)X ;)

Note that

Ryll,t) = Rylty,t) and

Ry(t,t) = EX*(t) = second moment or mean square value at time ¢

Cx ':51 . & atied i,

* The autocovariance function 23) of the random process at time is defined by

Cxl.5) = B(X () - sz (4 (X&) — 14X (5))
o X(“'l""z) = ﬂx(‘ﬁ)ﬂx (32)
Cleatly

Cy(t.t) = BE(X(E) - iy (1)) =variance of the processat time ¢

These moments give partial information about the process.
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Pyl ty) = Cxltnt)
The ratio \l Cxt5)CE (. t) is called the correlation coefficient.

The autocorrelation function and the autocovariance functions are widely used to characterize a
class of random process called the wide-sense stationary process.

We can also define higher-order moments like
Ry, 8.6) = B(X (4), X (&), X(¢5)) = Triple correlation function at £, £, £, etc.

The above definitions are easily extended to a random sequence {Xl#]neZ} :

Cross — covariance function of the processses at times £,,£,
Carrlty.ty) = B(X() — sz G DT (E) — 1y (H))
= ny (31’32) THy (ﬁ)#y (!'2)

Cross-cotrelation codghiaent
Cor (&.5)

P R - .
15 JCx &0 Colt.5)

On the basis of the above definitions, we can study the degree of dependence between two
random processes

This also implies that for such two processes
oy (81.8) = Hy () 1y (E5)

Orthogonal processes: Two random processes {4 i), ££1'} and
{¥(£).£€ T} are called orthogonal if

Rl ) =0¥06el
Stationary Random Process

The concept of stationarity plays an important role in solving practical problems involving
random processes. Just like time-invariance is an important characteristic of many deterministic
systems, stationarity describes certain time-invariant property of a class of random processes.
Stationarity also leads to frequency-domain description of a random process.

Strict-sense Stationary Process
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A random process {X ':f:'} is called strict-sense stationary (SSS) if its probability structure is

invariant with time. In terms of the joint distribution function, (£ @) is called SSS if
izt (B Koo %) = Frn i xtan b Xit o) (10 X200 %)

Wne N, Vi el andfor all choices of sample points £,£,,....,, €T

Thus, the joint distribution functions of any set of random variables %@ :¥ ). - X ) does not
depend on the placement of the origin of the time axis. This requirement is a very strict. Less
strict form of stationarity may be defined.

Particularly,

I1f Fxin 1t xie) 0 Tae %) = Tty 1xiegm ) xigen) (B Ky X)) forn =12, &, ypn { X0} s
called %% order stationary.

(£ @) Is called %% order stationary does not depend on the placement of the origin of the time
axis. This requirement is a very strict. Less strict form of stationary may be defined.

If (£©) is stationary up to order 1

FX(& )(xl) = FX(z,un)(xl), Vel

Let us assume ‘0 = ~f1 Then
By (%) = Fyiy(x) which is independent of time.
As a consequence

EX(t) = EX(0) = g, (0) = constant
o |If (X©) is stationary up to order 2
Put & = 7

FX(!. ;_X(z,;(xp x) = qu.-:? ).z(o;(xp x3)
This implies that the second-order distribution depends only on the time-lag £ —£,.
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As a consequence, for such a process

Ry(h,8,) = B(X(4) X))
= I lexzfxtom(:, —12)(‘7{1’):2 Jdxdx,
=Ry(4-4)
Similarly,
Cx(h.5)= Cxlt — 1)
Therefore, the autocorrelation function of a SSS process depends only on the time lag
h iy

We can also define the joint stationary of two random processes. Two processes

(X @) And 40 are called jointly strict-sense stationary if their joint probability distributions
of any order is invariant under the translation of time. A complex random process

(ZO=XO+i7 o) is called SSS if (L) and 40 are jointly SSS.
Example 1 A random process is SSS.

This is because 7 #-

= By ) Fy(X,)  Fy(x,)
= FX(:lﬂ,,)(xl)FX(:, ﬂo)(%)---an ﬁu)(xn)

= FX(:lﬂu),X{zz ﬂOJ,..,X(z,,ﬂo)(lex2"“’xn)

Wide-sense stationary process

It is very difficult to test whether a process is SSS or not. A subclass of the SSS process called
the wide sense stationary process is extremely important from practical point of view.

A random process (£ is called wide sense stationary process (WSS) if
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EX(t)= py = constant
and
EX ()Xt =Ry —t)1safunction oftime lag -2,

Remark

(1) For a WSS process 40}

EX*(#) = Ry () = constant
var( X (£1=EX (1) - (EX(¢))* = constant
Cy (.4} = EX () Xy )— EX (4 EX (i)

= Rylty 1) - 1
© Cy(ty,t5) 15 a function of the lag i, -5

(2) An SSS process is always WSS, but the converse is not always true.

Example 3 Sinusoid with random phase

Consider the random process 840} given by

X(e) = Acos(@yt + @) where 4 a1d ¥y gre constants and #are unifirmly distributed
betweenl and 2.

This is the model of the carrier wave (sinusoid of fixed frequency) used to analyse the
noise performance of many receivers.

Note that

1
— DLgs?
s =z 50T

0 otherw se

By applying the rule for the transformation of a random variable, we get

1

Jrn(x) = T AR -

0 atherwise

ALxi A
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Which is independent of £.Hence X®) is first-order stationary.

Note that

EX() = Edcos(ayt + )
2x

- Jﬁcos(wgzw)%g@

= 0 which 1s a constant
and

Rx (31=f'2) = EX(ﬁl)X(‘fz)
= BAcos(@yt, + @) Acos(@yt, + @)

2

’ %—E[cos(%zl s g ayt, + ) +cos(@yh +d- @ty - )]

A2
== Bleos(@y(n +) + 20) e os(@y 4 ~5)]
.A2
= 70 os{@,(# —&) which 1s afunction of the lag £ —¢,.
Hence (£ IS wide-sense stationary
Properties of Autocorrelation Function of a Real WSS Random Process

Autocorrelation of a deterministic signal

Consider a deterministic signal x(2) such that
0 fx‘*(z)dx @
Fow 27 'p

Such signals are called power signals. For a power signal x(2) the autocorrelation function is
defined as

r
R,(x) = lim ;—T J (e +yx(e)a
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£ (7] Measures the similarity between a signal and its time-shifted version.

-
R,(0) = lim — | ')

Particularly, is the mean-square value. F45 a voltage waveform

across a 1 ohm resistance, then £ Dis the average power delivered to the resistance. In this

sense, £, () represents the average power of the signal.

Example 1 Suppose X&) = Acos @€ The autocorrelation function of at ¥y is given by

T
R, (7) =11“i_r>1;1° %,_J;Acos @t + 1) Acos aidt

d:p
= llri_z;:;ﬁ_j;[cos@mz +7) + cos ar |di

2
_A'cosar

2

We see that %+(F) of the above periodic signal is also periodic and its maximum occurs when
2
2 G e R
@ @ The power of the signal is 2

The autocorrelation of the deterministic signal gives us insight into the properties of
the autocorrelation function of a WSS process. We shall discuss these properties next.

Properties of the autocorrelation function of a real WSS process

Consider a real WSS process (X@} Since the autocorrelation function #x®-&) of such a

£

process is a function of the lag ¥ ~ 4 ~ %22 we can redefine a one-parameter autocorrelation

function as £x(¥) = BEX{¢ +7)X(8)

If (X ®) is a complex WSS process, then

R, (r) = BEX(t +T) X *(f)

Where < “@s the complex conjugate of () For a discrete random sequence, we can define
the autocorrelation sequence similarly.

The autocorrelation function is an important function charactering a WSS random process. It
possesses some general properties. We briefly describe them below.

131




2
1. Bx(=EX"() |s the mean-square value of the process? Thus,

Ry(y= EX*() =0,

Remark If €@ isa voltage signal applied across a 1 ohm resistance, and then £z (0] §s the
ensemble average power delivered to the resistance.

2. For areal WSS process 18, Fx(7) is an even function of the time . Thus,
Ry(=7)= By(7)
Because,

Ry(-m)=EX(t-0)X()
=EX()X({E-1)
=EX (¢ +7)X(¢) (Substituting £ =£-7)
- R, (@)

Remark For a complex process #x(=7)= Ry(7)
3. |Rx (2)] = Ry (D-This follows from the Schwartz inequality
|« @), X+ s < |x@f |xe + <
We have

Ry (D)= (BX ()X (¢t + )
SEX(EX (+ 1)
= Ry (0)Ry (0)

Ry (D) <Ry (0)

4, Bx(Tisa positive semi-definite function in the sense that for any positive integer # and

XX
o aiajR.X (31' _Ij)?.n
real %+ %7 i=i=1

Proof

Define the random variable
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J=1
Then we have

02 BV = 5 5 a, EX ()L

1701
® R
=7 = ad Ry (=)

im1j-1

It can be shown that the sufficient condition for a function %%} to be the autocorrelation

function of a real WSS process <X ()} is that (7 be real, even and positive semidefinite.
If 4 is MS periodic, then %z(™) . s also periodic with the same period.

Proof: Note that a real WSS random process (X} is called mean-square periodic ( MS

periodic ) with a period B if for every £

EX(E+T) X =0
= BX (g +T )+ BX () - 2BX (¢ + T,) X (g) = 0
= Ry + Ry (- 28, (T, ) =0
= Ry(T) =R, ()

Again

(E(XE+T+T) - X+ NXE)* & BX+T+T)-Xe+T) EX (¢)
(By applying Cauchy Schwartz inequality)
= (Ry (T +T,)— Ry (1) £ 2(R (00— Ry (T, DR, (0)
= (R, (T+T,) = Ry ()" <0 v Ry (0) = Ry(T,)
S Ry(THT,) = Ry (T

Cross correlation function of jointly WSS processes

If (L@} and ) are two real jointly WSS random processes, their cross-correlation functions are

independent of and depends on the time-lag. We can write the cross-correlation function

Ry (z) = BX (£ + 1)V (2)

The cross correlation function satisfies the following properties:
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B (r) = EX (£ +1)7(2)
=AY (X (E+7)
= Ry (-1)

(61 | Ry (73] & \f Ry (0V Ry (0)

We Have

1Ry D[ =|EX ¢ + DY O)f
SEX* e+ D EY() using Cauchy-Schwartz Inequality
= Ry (0)R,(0)

SR (D)) £ ﬂ/RX(O)RY(O)

Further,
R ()R, (0) £ —;—(RX(O) +Ry(0)) + Geometric mean < Arithmatic mean

ii. 1f £@and Y (t) are uncorrelated, £ (T) = EXE+T)EY(R) = pysty
Rp(@)=EX(t+10)Y (£)=0

iv. IfX(t)andY (t) are orthogonal processes,
Example 2
Consider a random process Z(8) which is sum of two real jointly WSS random processes.

A and ¥E) \We have

Z(8) = X+ ()
R (r) = EZ( +1)Z(0)
=B[X(+r)+Y(¢+n)][X () +Y ()]
= Ry(T) + Ry(7) + Ry (7) + Ry (7)
If €@ and ¥ ®)are orthogonal processes,then £z (F) = £ (7) =0

SRy (T) = Ry () + Ry (1)

Example 3

134




Suppose

Z,(t) = X(¢t)cos(ayt + D) and
Z,() =X (¢)sin(@yt + D)

Where X (t) is a WSS process and ©~U1027]

By (D) = BLH O (- )] = o [ 50 (e - )dg

[X(2)X(¢ - 7)) E[cos{ayt + P)sin{ayt - @yt + D]

e

Rx(r)[E[Sin(Qmﬂz - @y +20] - E[sin(aamr)]]

1 Ryle)sin(aye)

Time averages and Ergodicity

Often we are interested in finding the various ensemble averages of a random process {X (ﬁ'} by
means of the corresponding time averages determined from single realization of the random
process. For example we can compute the time-mean of a single realization of the random
process by the formula

.1
(ot = lim — J‘;x(z)dz
which is constant for the selected realization. Note that {ty }r represents the dc value of * @

Another important average used in electrical engineering is the rms value given
by

. 1 .F
s >r = 11} im ’)ﬁ’ I-r %2 (£)dt

Time averages of a random process

The time-average of a function £ (&) of a continuous random process{X @) is defined by

1
(X)) = 5= [ @Na

where the integral is defined in the mean-square sense.
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Similarly, the time-average of a function 2(X4) of a continuous random process () i

defined by
(eFly = I, £

The above definitions are in contrast to the corresponding ensemble average defined by

Eg( X)) = I: g(x) Sy (x)dx for continuous case
= Z 8% Py (%) for discrete case
icR;,m

The following time averages are of particular interest
(a) Time-averaged mean
{,{1 } = if K (i {continuous case)
T or ke

1
X, dizcrete case
{2 )y = 2N+1:§N ‘ )

(b) Time-averaged autocorrelation function

{RX(T]I :’r = %J‘iX{ﬁ}X{z + Tt (continuous case)

1w |
{Ry [m]}ﬁ = ENHI_ENX,-JZW (dizcrete case)

Note that, {g(X@) }r and e xj)’m are functions of random variables and are governed by
respective probability distributions. However, determination of these distribution functions is
difficult and we shall discuss the behaviour of these averages in terms of their mean and

variances. We shall further assume that the random processes {X '(53'} and {Xm} are WSS.
Mean and Variance of the Time Averages

Let us consider the simplest case of the time averaged mean of a discrete-time WSS random

process{ &, | given by

1
(g = IN+1 ENX

The mean of (b oy
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n

2A+ 1 z‘ENXE
1 N

B 2M+1 z‘-%.r 24,

SHy

E{#X)N=E

and the variance

2 1 W 2
E({#X}N_#X:I ) E[ 2N+]i§NXj _’u""]

1 2
=E[2N+1z§ (X, ‘z”}f)]

1 W
S E BU-p)t+2 T 5 B, - Hy (&~ fy)
(2N+ 1) T 1 g g

If the samples O S C IR 47

2 1 N 4
E(<ﬂX>N_'{’{X) =E[2N+li§NXi_ﬂX]

=(2N1+1) [z.E_:NE(X ﬂx)g]

0.2

- X
2N +1

are uncorrelated,

lim & ‘oo
We also observe that #sw ((ﬂ*"}' ’HX) -

M5
From the above result, we conclude that <’”X >N ? Hy

Let us consider the time-averaged mean for the continuous case. We have
X(t)dt
{#‘x 2'}:".[ @)

Bluy), = EffrEX(z)dz

1 T
= -2_g’f-r Hydt =ty

137



and the variance

2
(9 ‘»"*‘x)z s E[;}fﬁ(ﬁ)dz -#x]
2
=& [%,If} (X(e) ‘ﬂx)dz]
= %frfrE(X(zl) — M (X (8) — iy )dedt,

1
T [ LrCy (e~ t)dd,

The above double integral is evaluated on the square area bounded by H= T and 2 = 2T e
divide this square region into sum of trapezoidal strips parallel to H=4=0 (See Figure 1)Putting

1 =4 = Tand noting that the differential area between 7% = Tand 4 "0 = T+dTjg

Cris M)dT, the above double integral is converted to a single integral as follows:

1
472
_ 1

47

g ((r“z I~ Hx )2 = [ Fr Cy (8 — £,)d0dt,

27 2T - [thCx ()T

[

1
- ﬁfgr[l'? Cy(tdT

< T =
S W M
7/
=T //
7/
Y
Figure 1

Ergodicity Principle
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If the time averages converge to the corresponding ensemble averages in the probabilistic sense,
then a time-average computed from a large realization can be used as the value for the
corresponding ensemble average. Such a principle is the ergodicity principle to be discussed
below:

Mean ergodic process

A WSS process{X@} is said to be ergodic in mean, if (Hylp —™ Uz a5 T —w Thus fora

mean ergodic process{X @] :

lim E{pty ), = iy
and
lim var(,ux} =

Tow

We have earlier shown that

E{py >r = Hx

and

1 ¥
var <15*‘z >r 2 5T :!;Cx(f)

1 —-El—ldr
2T

therefore, the condition for ergodicity in mean is

Further,

izrc (T 1—ﬂ dT<i2r|C (DT
2?_L % 2T ‘2?_,L -

Therefore, a sufficient condition for mean ergodicity is
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iw}f (T =

Example 1 Consider the random binary waveform (£ discussed in Example 5 of
lecture 32.The process has the auto-covariance function given by

B sy,

c,(={ T

?
0 otherwise

Here

ar ar

J;|CX (DpT=2 J‘ Iy (DR

_L]a-f
T

T3 Tf*
2
Ear
_ T
3

T

J;|C'X (D) < =

hence 4 ®) is mean ergodic.

Autocorrelation ergodicity

1 r
{Ry (D)), = g_{- XX +Dde

We consider (&) = X(O)X(E+7) gq that, Hz = £x(T)
Then (£ will be autocorrelation ergodic if {2} is mean ergodic.

Thus (£ will be autocorrelation ergodic if

li L 1o I d
rl-%_?”J 7 Fz(m)dn =
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where

Cy(n) = BZOZ( - 1) - EZ(O EZ(t - T)
= EXOX(-DX¢-DX¢-T-1) - RA(D)

C2( Jinvolves fourth order moment.

Simpler condition for autocorrelation ergodicity of a jointly Gaussian process can be found.
Example 2

Consider the random—phased sinusoid given by

A(e) = Acos(@t + @) \yhere A and @ gre constants and ¢~ U0 271 is a random variable. We
2
) ] ) ) —0 R, (T) =icos QT
have earlier proved that this process is WSS with #* = and 2

For any particular realization %@ =Acos(mi+4),

(), = % frﬁcos(woz + gt

= LAsin(v.?c,’!’)
o
and
{RK (T) }r = ?;,:Lﬂcos(wuﬁ +@)Acos(w (2 +T) + @) de
2 F

= 4——T:L[|:os wy T+ Acos(w, (2¢ + 1) + 2¢4 )]de

_ AlcoswyT . A sin(w, (2T + 1))
2 Ay, T

A coswT

o)}y =
We see that asT —so (el = 0 g (KDl :

For each realization, both the time-averaged mean and the time-averaged autocorrelation
function converge to the corresponding ensemble averages. Thus the random-phased sinusoid is
ergodic in both mean and autocorrelation.
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UNIT 5
STOCHASTIC PROCESSES—SPECTRAL CHARACTERISTICS

Definition of Power Spectral Density of a WSS Process

Let us define the truncated random process (&7 (2} as follows
Xpt)=X(9) -T<e<T
=0 otherwise

. X(z)recz(;—T)

¢
rect(—)
where 2T is the unity-amplitude rectangular pulse of width 2T centering the origin. As

t =, (X} will represent the random process (X} define the mean-square integral

r
FTX (@)= J’:Xr(ﬂe‘f“’dz

Applying t_he Pareseval's theorem we find the energy of the signal

r w

[ vt - [t (afde
Therefore, the power associated with (L@} js

- i A

— [ Xkt = — [|FTX (@) do

2?,—!: rith 2?’10' (@)

And

The average power is given by

—ELX’()dz = —EJ’|FTX (m)| da = EJ’M

E|Frx, (@)

Where 2T the contribution to the average is power at frequency w and represents the
power spectral

density of Erltl} AT =0 , the left-hand side in the above expression represents the
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average power of X}
Therefore, the PSD “x (@) of the process ()} is defined in the limiting sense by

 E|FTX (@)
(o) = fim

Relation between the autocorrelation function and PSD: Wiener-Khinchin-Einstein
theorem

We have
E|FTXT(m) ! EFTXT (@) FTX,. (&)
2T 27

»-a|~ »—a|—~

(8 1 X g (28 e s,

(51 %)Q—Jﬂl:ﬁ &‘:'d.ﬁ ﬁfﬁ;

i
o7 4

<T T
4
T L7
Y
Figure 1
Note that the above integral is to be performed on a square region bounded by o iTand

= 2T a5 illustrated in Figure 1.Substitute A4 Tso that 172 Tisa family of straight

lines parallel to LR O'The differential area in terms of £t is given by the shaded area and
equal to (2T=|T)4T The double integral is now replaced by a single integral in &
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Therefore,

E

FIX, (@)X, (@) _ 1 o
2T 2?’-2er (@e @7~ thdT

- TR e - har
-gfr (00D

T Ry (e de

If Fxltdis integral then the right hand integral converges to - as I —m
lim _E|FTX’(“’)F ]R (e V9T gy
T I
. E|FTx (@)
| R O 1
As we have noted earlier, the power spectral density Tow 2T is the

contribution to the average
power at frequency @ and is called the power spectral density of X Thus

S, (@) = ]'RX (De " dr

and using the inverse Fourier transform
1 7 Jox

Ry(t)=— J‘ Sy(ae’*da
27 4

Example 1 The autocorrelation function of a WSS process (Xl s given by
Rym=a M 550
Find the power spectral density of the process.

S, (@) - T R (e PP ar

T 2,70l et

- Ia2br jwdf+ja2 —bT,mj@T ;.

The autocorrelation function and the PSD are shown in Figure 2
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Figure 2

Example 3 Find the PSD of the amplitude-modulated random-phase sinusoid
X)) = M@ cos(a@e+d), ® ~T[0, 27
Where M(t) is a WSS process independent of &

Ry(D)=E M{t+7) cos(czlc(z+f) +CD) M) cos(@r+®)
=E ME+1) M(2) Ecos(@(t+7) +®) cos(@r+D)

( Using the independence of M(¢) and the sinusoid)
2
= Ry, (T) = cos @&.T

. 5:(0) = £ (s1(0+) + Sy (0-a))

where S, (@) is the PSD of M(z).

Figure 4 illustrates the above result.

Spe (@)
@
Sy (@)
/\ /I\
—@‘_K & = w,-E @, & +E gl
2 2 e 5
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Figure 4

Properties of the PSD

Ix(@) being the Fourier transform of 2 (T) it shares the properties of the Fourier transform.
Here we discuss

important properties of ~x (@

1) the average power of a random process A is

EX*{t)= Ry (0)

1 ©
= E_LSX (a)dw

2) If @ is real, £x(%) is a real and even function of © .Therefore,

S, (@) = ]‘RX(T)e'fmdr

w

= IRX(T)(COS @T+ jsin @T)dT
= IRX(T) cos @dT

= 2JRX(T)COS @TdT

Thus for a real WSS process, the PSD is always real.

3) Thus Sx (@ is a real and even function of @ .

. E|xr (@)
Sy(wy=limgp, ———- )
4) From the definition e 2T is always non-negative. Thus Syl@)2 0.
5) If A nasa periodic component, Rylthis periodic and so Sx (@ will have impulses.

Cross Power Spectral Density

Consider a random process {23} which is sum of two real jointly WSS random processes
(&)} and (XU} As we have seen earlier,

R (T) = Ry (D) + Ry (T) + Ry (T) + Ry (T)
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If we take the Fourier transform of both sides,

Sz(@) =Sy (@) + Sy (@) + FT( Ry (D) + FT(Ry (1))
Where £7() stands for the Fourier transform.

Thus we see that Sz(@) includes contribution from the Fourier transform of the cross-
correlation functions

Ry (7) and Ryy (7). These Fourier transforms represent cross power spectral densities.

Definition of Cross Power Spectral Density

Given two real jointly WSS random processes {(&(©)} and (Y19} the cross power spectral
density (CPSD) ~x'@} is defined as

Sl SO @

Where 7% (@) and FTT:(®) are the Fourier transform of the truncated processes
¢ ¢
Xp(t) = Xtrect(—) and ¥, (¢) = ¥{Preci(—)
- 2T o 2T respectively and denotes the complex
conjugate operation.

We can similarly define Spr(d) by

PTY (@) FTX (@)
2T

Sp(@)=lim E

Proceeding in the same way as the derivation of the Wiener-Khinchin-Einstein theorem for the
WSS process, it
can be shown that

Sy (@)= [ Ry (@) % dr

and

Sy ()= | Ry (D)e7¥%de
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The cross-correlation function and the cross-power spectral density form a Fourier transform
pair and we can

write

Ry (0)= ? SH(w)e’imdaJ
and

Ry (D)= | Sy (@)% da

Properties of the CPSD

The CPSD is a complex function of the frequency ‘w‘. Some properties of the CPSD of
two jointly WSS processes

(X))} and (Y9} are listed below:
(1) S (@) = S (@)
Note that Far(t) = F(-T)

Sy (@)= [ Ry (e dt

Ryy (-0 dt

L— éu_.s

Ry (D)2’ dt

I
5% 8
®

(2) Bl (@) s an even function of @ and M~ L@) s an odd function of @ .

We have

Syylw) = T[ Ry (D)coswt+ janwo)dt

= T[ Ry (ticosmedr+ jTRX},(r)sinm )dt

= Re(Sy (@) + Flm{Syy (@)
where

Re(Syy (@) = j’ Ryy(t)coswtdt 15 an even function of @ and

-

(S (@) = [ Rey(2)sin @ dt is an odd function of @ and
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(3) If {(&(®)} and (Y%} are uncorrelated and have constant means, then
) = Sy () = ity G 1)

Where 24@) is the Dirac delta function?

Observe that

Rp(D)=EX(+ )Y ()
= EX(t+ T)EY(t)
= HxHy
= HyHx
= Ry (1)
LSy ()= Sy (@) = iy pyS(@)

4) If (X0} and (YY)} gre orthogonal, then
Sola=F ta)=1

If (A} and {(T(¥} gre orthogonal, we have
R (D)= EX (¢ + DY (1)
=0

= Ry (7)
LS (@)=Sg(w)=0

(5) the cross power Far petween (18} and (Y18} is defined by

. § S
Po =lim — £ X(OY s

Applying Parseval's theorem, we get

149




1T
Po=lim B ] XY@t
1w
-lim B [ X O (s

1 1 .
=lim— & — [ FTX (&) FTY, (@)d @
lim — 8 — | PTG (@) FTY, (@)
i"fhm BFTH; (@) PTY (@),

DTy Tom 2T

-t s (e
2T 2o

e e e
2 o

Similarly,
By =—]Sp(e)de
27
.l | Sy (@)de
27T
= p‘;},

Example 1 Consider the random process given by Z(8) = £+ Y9 giscussed in the beginning of
the lecture. Here 2 )} is the sum of two jointly WSS orthogonal random processes

{£(®)} and (F()}
We have,
Ry (1) = Ry (1) + Ry (1) + Ry (1) + R (T)
Taking the Fourier transform of both sides,
S3(@) = Sy (@) + Sy (@) + Sy (@) + S (@)
%{i S, (@)da= éle(m)dm+%riS},(m)dm+ﬁlSH(m)dm+$lSﬂ(m)d@

Therefore,

[P(@) = Py (@) + By (@) + By (@) + By (@)]
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Wiener-Khinchin-Einstein theorem

The Wiener-Khinchin-Einstein theorem is also valid for discrete-time random processes. The

power spectral density 5% (@ of the WSS process {121} is the discrete-time Fourier transform
of autocorrelation sequence.

Sy(@)=3 Ry[m]eoo" -TEWE T

Mo =t

R, [m] |5 related to “x“® by the inverse discrete-time Fourier transform and given by

1

Rylm]) =§T

f Sy(@e’™d @

Thus &[] and (@ forms a discrete-time Fourier transform pair. A generalized PSD can
be defined in terms of z - transfortm as follows

Sy@) = > R [m]z™

MWty

clearly,
Sx(@)=S5x(2)|,
Linear time-invariant systems

In many applications, physical systems are modeled as linear time-invariant (LTI) systems.
The dynamic behavior of an LTI system to deterministic inputs is described by linear differential
equations. We are familiar with time and transform domain (such as Laplace transform and
Fourier transform) techniques to solve these differential equations. In this lecture, we develop
the technique to analyze the response of an LTI system to WSS random process.

The purpose of this study is two-folds:

e Analysis of the response of a system

e Finding an LTI system that can optimally estimate an unobserved random process from
an observed process. The observed random process is statistically related to the
unobserved random process. For example, we may have to find LTI system (also called a
filter) to estimate the signal from the noisy observations.

Basics of Linear Time Invariant Systems
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A system is modeled by a transformation T that maps an input signal #* ) to an output
signal y(t) as shown in Figure 1. We can thus write,

y(&) = T[x(£)]

x(%) o)

Figure 1
Linear system

The system is called linear if the principle of superposition applies: the weighted sum of
inputs results in the weighted sum of the corresponding outputs. Thus for a linear system

T [alxl (£) e (¢ )] = alT[xl (‘f)] +a, T [7‘2 (3)]

Example 1 Consider the output of a differentiator, given by

_da)
yi©) =
d
Then Z( a % (8) + ayx, (£ )

d d
= “157‘1(3) % azgxz 63]

Hence the linear differentiator is a linear system.
Linear time-invariant system

Consider a linear system withy (t) =T x (t). The system is called time-invariant if
Tx(t-1) =»(t-6) ¥ 4

It is easy to check that that the differentiator in the above example is a linear time -
invariant system.
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Response of a linear time-invariant system to deterministic input

As shown in Figure 2, a linear system can be characterised by its impulse response
#(£) = Ta(t) where &(£) is the Dirac delta function.

5 Tt nce)
= systemn —mm 8 ———

Figure 2
Recall that any function x(t) can be represented in terms of the Dirac delta function as follows

x(t) = fx(s) J(t-s) ds

-

If x(t) is input to the linear systemy (t) =T x (t), then

yit) T ]x(s) 5(3 2 s) ds

Ix(s) rif-) (z = s) ds [ Using the linearity property ]

-0

w

‘[x(s) k(ts) ds

-0

Where #(%:8) = T8(£75)js the response at time t due to the shifted impulse? & (~5)

If the system is time invariant,
k(z,s) = k(f —s)

Therefore for a linear-time invariant system,

w

»@ = [ x(s) k{t-s)ds = 2() *2(®

L4
where * denotes the convolution operation.

We also note that x(£) %h(t) = h(£) % x(2).
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Thus for a LTI System,

ye) = x(t) * 2(2) = A() *x(2)

Taking the Fourier transform, we get

where H(a‘J) =FTh (ﬁ) = Iiz(ﬁ) e dt is the frequency response of the system

Figure 3 shows the input-output relationship of an LTI system in terms of the impulse response
and the frequency response.

X E’S) System yit) :

Xie) LTI System Vi
Hiw)

Figure 3
Response of an LTI System to WSS input

Consider an LTI system with impulse response h (t). Suppose @) jsawss process
input to the system. The output Fe) of the system is given by

w

P()= [h(s) E(e-e)de = [hle-e) X(s) de

-0

Where we have assumed that the integrals exist in the mean square sense.
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Mean and autocorrelation of the output process T

Where (0 is the frequency response at 0 frequency (¢ =0 ) and given by

H)| , = }h(z)e'f“’dzt = ]‘}z(z)dz

T The Cross correlation of the input {X(t)} and the out put {Y (t)} is given by

E(X(+0)¥ (D))= 2 X(+7) [H(s) X(t-5) ds

-

his) EX(t+t)X(t-5)ds

B(s) Ry(c+5)ds

Fz[—u) Rf[r—u)ah [ Put 8 = — 2]

ié-—.s g r—r f t—

|
=3
—
=
-
]
—
=3
—

I

Rulr) = b{=) * Rylr)
also Ry () = Rypl-t)= ki) * Ry(-7)
= A(z] * Ry (7)
Therefore, the mean of the output process Y} s a constant

The Cross correlation of the input {X (t)} and the out put {Y (t)} is given by
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E(X (V¥ ()= 2 X(t+7) | h(s) X(t-s) ds

-

}2 .5' EXI+E:]X|CI—S‘:I€£S

s
Tk Ry (t+5)ds
Tk[ﬂ — 1t ) e [ Put 5 = —u ]

= k(- f)*ﬁx()

Rowlr) = h{-r) * R r)
alzn & 1: ) RHI:_T)= ;“:T:' * RI[_T:]
= hir) * Ry (r]

Thus we see that R IIT:'is a function of lag T only. Therefore, (A and @) are jointly
wide-sense stationary.

The autocorrelation function of the output process {Y(t)} is given by,

E(Y(e+0)Y () = E [h(s) X(t+r-5)ds¥(e)

b s

<

= I}z(s) EX(t+tr-s) Y(t) ds

-0

}h(s) Rylr-s)ds

() * R p{r) = h(z) *h(-1) *R (7)
Thus the autocorrelation of the output process e depends on the time-lag T , i.e.,
EY()Y(s+z)=Ry(r)

Thus

Ry(7) = Ry (v)*h(z)* k()

The above analysis indicates that for an LTI system with WSS input
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o the output is WSS and
e The input and output are jointly WSS.

The average power of the output process T s given by

By =Ry (0)
= Ry (0)*R(0)*1(0)
Power spectrum of the output process

Using the property of Fourier transform, we get the power spectral density of the output
process given by

Sy (@) = Sx (@) H () H' ()
Sz (@)[H (@)f

Also note that

Rulr) = h(=7) * Rxlr)
and Ry (t) = h(r) * Ry(r)

Taking the Fourier transform of Ry () we get the cross power spectral density
Sz Iimjlgiven by

Spy (@) = H (@) Sy (@)
and
Sy (@) = H (@) Sy (@)
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Faylr fy (7]

&0 W e we -

Sy (@) Sy ()
—SL(E)—P H'ICE?_J] - H(Eﬂ] e

Figure 4

Example 3

A random voltage modeled by a white noise process €4 (‘f )} with power spectral density
My

2 is input to an RC network shown in the Figure 7.
Find (a) output PSD Sy (@)
(b) output auto correlation function Be(7)

2
(c) average output power EY*(¢)

R

— AN ———

Xty ¢ ==Y

Figure 7

The frequency response of the system is given by

158




Therefore,

1
=R2C‘2m2+] ¥ @)
(a) RCPa® +1 2
(b) Taking the inverse Fourier transform
AL K
R lr)=—L g &C
¢ (7] 4RC
(c) Average output power
it
BV e) =Ry (0)=—"

Rice's representation or quadrature representation of a WSS process

An arbitrary zero-mean WSS process (X)) can be represented in terms of the slowly

varying components X180 and ) gs follows:

X=X (cosayt — X, (2) sin ayd (1)

(@-Z<lol<a+2) 4
where ® s a center frequency arbitrary chosen in the band 2 27 £ ang

A, are respectively called the in-phase and the quadrature-phase components of i)

Let us choose a dual process T} such that
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H(e+ Y€)= (X (0 + JX, )™
= [Xf(z) cosapt — A, () sin ﬂjnfj + ICX{(.E:I sin et + X, (£l cos ﬂJc,.tj

, ] .,

e ¥t J
then ,
X () =X(t)cosapt + ¥ (f)sin ayt )
and
X, (8) = X(f)cosant —Y (&) sin ayt 3)

For such a representation, we require the processes (@) and 144,180} 10 pe WsS.
Note that

EX(t) = cosantBX, (£) —sin eyt EX | (£)

As @} s zero mean, we require that
EX.(t)=0

And
EX (¢)=0

Again

EX () =cosapt BEX(t)+sinayt BV ()
EX () =cosaptBX (1) —sin aptBY ()

As each of BX (1), X, (t) and EX(¢) 1s zero-mean, we require that
E¥() =10

i?l;j(: +T,8) = E[X(.t + r) COS &, (£+ r)+ I’(.t+ r)sin @ (z + r)][X(:) cos eyt + ¥(2) sin eyyt]
= Ry(t)cosay(t+ r)cos eyt + Ry (T)sin ey (.t + r) sin @t + Ry (T) cos @y (2 + 7) sin et
+ Ry (T) sin @y, (2 + 7) cos @yt
and
Ry (t+7,8) =Ry(r)cos ay(t +7)cosapt + Ry(7)sin ay (¢+7)sin apt
~ Ry (r)cosay (¢ +7)anay — Ry, (v)sinay (¢ +7)cos ays
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and
Ry y (E+T.0)=Ry(T)cos @yt +T)cosayf — Ry(T)sin a7 +T) sin @yt
- R (Dicosay(f +T)sin @i + R, (Thsin & + Thcos ayt
Thus, By (£ +T,8), Ky (£ +T.0) and Ry 5 (¢ +T.2) will be independent of t 1f and only1f

and

Ry x, (T) = Ry(r)cosay(f +T)cos apt — Ry(r)sin ay (¢ +7) sin ayé
- Ryy(r)cosay(t +1)sin ayé + Ry, () sin oy (£ + 1) cos apé
= Ry(r)[cosay(f +1)cosapt —sin ay (£ + 1) sin apt]

— Ry (r)[cosapf +r)sinayt —sinay(f +7)cosayt]
= Ry(r)cosayt — Ry (r)sin(—ayr)
= Ry(r)cosayt — Ry (r)sin eyt

How to find ')} satisfying the above two conditions?

For this, consider ™ ©J} to be the Hilbert transform of (4@} je.

Y = } X(Shit - 5)ds

1
hit)=—
Where 7t and the integral is defined in the mean-square sense. See the illustration
in Figure 2.
Xi Y
LG NN Q)
Tt
Figure 2

H{w)

The frequency response of the Hilbert transform is given by
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—; if @=0
H({a)=¢ j  if @<0
0, if @=0

S H (@) =~ fegn(@)
and |H (@] =1
"8y (@) =|H (@) 5y (@) = 5 (@)

and

JS(@), for @>0

Syyl@)=H (m)SH(m) = {-ij(@), for @< 0

=T _|-Bx(@), for @=0
Sp(@) = H (@) Sy (@) {J:S‘Xx(w), -

The Hilbert transform of Y(t) satisfies the following spectral relations

Sy(@)= 5% (@)
and
Sy (@) = —Spy (m)

From the above two relations, we get

Ry (T)= Ry (T)
and
Ry (T) = =Ry (T)

The Hilbert transform of <) is generally denoted as L) Therefore, from (2) and (3) we
establish

Xalt) = X(0) cos @yt + X()sin @y,
X () = X(¢) cos @yt ~ X(2)sin apt

and
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Xig)= A (focosant — K (2)sin oyt

The realization for the in phase and the quadrature phase components is shown in Figure
3 below.

SIS bl

Xt

Hilbert
tramgform
1 sinayt

Figure 3

From the above analysis, we can summarize the following expressions for the autocorrelation
functions

Ry (T) = Ry (7)
= Ry (Ticos @ T+ f (Thsin & T
= Ry(T)cos T+ A()* By (DsinayT Ry (1) = (1) *Ry (1)
= Ry (Ticos @,T+ ﬁx (Thsin @ T

Where
£, (T) = Hilbert transform of R, (1)

:ILRXIZT—S:IJS
Lt

See the illustration in Figure 4

Ryl h(z) = 1] ﬁi (T
T
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ai{ and

a_‘.?

The variances Xs are given by

oz = o?gj = R, (0).

Ry (r) and Ry (7)),

Taking the Fourier transform of we get

Sy(@-ay) +Sy(@+ @) || < B
Sy (@) = Sy, (@) =
(@)= 55, (@) {0 otherwise

Similarly,

RXch () =R, (D)sinwyr — Ry, (r)cosayr

=R, (f)sinayr - ﬁx (ricosayr

and

Sy x (@) =
s 0 otherwise

{j[sz(m“’f’)‘sx(w-%)] @ < B

Notice that the cross power spectral density Szex, (@) is purely imaginary. Particularly, if

Sx(@) js Jocally symmetric about 2b
Sz, (@) =0
Implying that

Ry x(r)=0

Consequently, the zero-mean processes L8} and (50 are also uncorrelated
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PROBABILITY THEORY AND STOCHASTIC PROCESSES
Important Questions

UNIT-I
Two marks Questions:
1. Define Demorgans™ law.
2. Give the classical definition of Probability.
3. Define probability using the axiomatic approach.
4. Write the statement of multiplication theorem.
5. What are the conditions for a function to be a random variable?
Three Marks Questions:
1. Define sample space and classify the types of sample space.
2. Define Joint and Conditional Probability.
3. Define Equally likely events, Exhaustive events and Mutually exclusive events.
4. Show that P(AUB)=P(A)+P(B)-P(ANB).
5. Define Random variable and Write the classifications of Random variable.

6. In the experiment of tossing a dice, what is the probability of face having 3 dots or 6 dots to
appear?

Ten Marks Questions:
1.a) State and Prove Bayes™ theorem.
b) Write the Mathematical model of experiment.

2. In a box there are 100 resistors having resistance and tolerance values given in table. Let a
resistor be selected from the box and assume that each resistor has the same likelihood of being
chosen. Event A: Draw a 47Q resistor, Event B: Draw a resistor with 5% tolerance, Event C:
Draw a 100Q resistor. Find the individual, joint and conditional probabilities.

Resistance Tolerance Total
(Q) 5% 10%

22 10 14 24
47 28 16 44
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100 24 8 32
Total 62 38 100
3. a) Two boxes are selected randomly. The first box contains 2 white balls and 3 black balls.
The second box contains 3 white and 4 black balls. What is the probability of drawing a white
ball.

b) An aircraft is used to fire at a target. It will be successful if 2 or more bombs hit the target. If
the aircraft fires 3 bombs and the probability of the bomb hitting the target is 0.4, then what is
the probability that the target is hit?

4. a) An experiment consists of observing the sum of the outcomes when two fair dice are
thrown. Find the probability that the sum is 7 and find the probability that the sum is greater than
10.

b) In a factory there are 4 machines produce 10%,20%,30%,40% of an items respectively. The
defective items produced by each machine are 5%,4%,3% and 2% respectively. Now an item is
selected which is to be defective, what is the probability it being from the 2" machine. And also
write the statement of total probability theorem?

5. Determine probabilities of system error and correct system transmission of symbols for an
elementary binary communication system shown in below figure consisting of a transmitter that
sends one of two possible symbols (a 1 or a 0) over a channel to a receiver. The channel
occasionally causes errors to occur so that a “1* show up at the receiver as a “0? and vice versa.
Assume the symbols ,,1* and ,,0” are selected for a transmission as 0.6 and 0.4 respectively.

P(B1)=0.6 P(A1/By) A

P(B2)=0.4 Pl&3/By) Al

6. In a binary communication system, the errors occur with a probability of “p”, In a block of
“n” bits transmitted, what is the probability of receiving

i) at the most 1 bit in error

ii at least 4 bits in error

7. Let A and B are events in a sample space S. Show that if A and B are independent, then so are

a)Aand B b) Aand B c) Aand B
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9.a) An experiment consist of rolling a single die. Two events are defined as A = { a 6 shows
up}: and B={a 2 or a 5 shows up}

i) Find P(A) and P(B)

ii) Define a third event C so that P(C) = 1-P(A)-P(B)

b) The six sides of a fair die are numbered from t to 6. The die is rolled 4 times. How many
sequences of the four resulting numbers are possible?

10.a) State and prove the total probability theorem?
b) Explain about conditional probability.

11.In the experiment of tossing a die, all the even numbers are equally likely to appear and
similarly the odd numbers. An odd number occurs thrice more frequently than an even number.
Find the probability that

a) an even number appears

b) a prime number appears

c) an odd numbers appears

d) an odd prime number appears.
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UNIT-11

Two marks Questions:

1.

2.

8.

Define Probability density and distribution function.

Define the expected value of Discrete Random variable and Continuous Random Variable.

. Define Moment generating function and Characteristic Function of a Random variable.
. Define moments about origin and central moments.

. Show that Var(kX)=k? var(X), here k is a constant.

. Define skew and coefficient of skewness.

. Find the Moment generating function of two independent Random variables X; & X,.

Write the statement of Chebychev*s inequality.

Three marks Questions:

1.

2.

3.

4.

5.

6.

Derive the expression for the density function of Discrete Random variable.
Find the variance of X for uniform density function.

Define various types of transformation of Random variables.

Write the properties of Gaussian density curve.

Find the maximum value of Gaussian density function.

In an experiment when two dice are thrown simultaneously, find expected value of the sum of

number of points on them.

7.

Derive the expression for distribution function of uniform Random variable.

Ten Marks Questions:

1.a) The exponential density function given by

fx(x) = (L/b)e " X>a

=0 X<a

Find the mean and variance.

b) Define Moment Generating Function and write any two properties.

2.
3.

Derive the Binomial density function and find mean & variance.
Derive the Poisson density function and find mean & variance.
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4. If X is a discrete random variable with a Moment generating function of My(v), find the
Moment generating function of

i) Y=aX+b i) Y=KX iii) Y:X+Ta
5. A random varigble X has the distribution function
Fr= 2 "ux-n

% ey 650

Find the probability of a) P{-oc <X < 6.5} b)p{X>4} c) p{6<X <9}
6. Let X be a Continuous random variable with density function
f(x)= g +K  0<xz6

0 otherwise

Find the value of K and also find P{2 <X < 5}

7. a) Verify the Characteristic function of a random variable is having its maximum magnitude at
®=0 and find its maximum value.

b) Find the Moment generating function of exponential distribution?

x2
8. The probability density function of a random variable X is given by f(x) :Sl—for -3<x<6 and
equal to zero otherwise. Find the density function of Y:1_3(12-x)

9. a)Write short notes on Gaussian distribution and also find its mean?
b) Consider that a fair coin is tossed 3 times, Let X be a random variable, defined as
X= number of tails appeared, find the expected value of X.
10.a) State and prove the chebychev*s inequality theorem?
b) b) Find the probability of getting a total of 5, at-least once in 4 tosses of a pair of fair
dice.
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UNIT-111
Two marks Questions:
1. Define the statistical Independence of the Random variables.
2. Define point conditioning & interval conditioning distribution function.
3. Give the statement of central limit theorem.
4. Define correlation and covariance of two random variables X& Y.
5. Define the joint Gaussian density function of two random variables.
Three Marks Questions:

1. If E[X]=2, E[Y]=3, E[XY]=10, E[X?]=9, and E[Y?]=16 then find variance & covariance of
X&Y.

2. The joint probability density function of X&Y is
fx v(X,y)= c(2x+y); 0<x<2,0<y<3
0; else
Then find the value of constant c.
3. Define correlation coefficient with two properties.
4. Show that var(X+Y) = var(x)+var(Y), if X&Y are statistical independent random variables.
5. Define Marginal distribution & Density functions.
Ten Marks Questions:
1. a) State and prove the density function of sum of two random variables.

b) The joint density function of two random variables X and Y is

x+y?

foxy= a0 ;—1<x<land -3<y<3

0; otherwise

Find the variances of X and Y.

2. a) Let Z=X+Y-C, where X and Y are independent random variables with variance 6°x, 0%y

and C is constant. Find the variance of Z in terms of sz, o’y and C.
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b) State and prove any three properties of joint characteristic function.

3.a) State and explain the properties of joint density function
b) The joint density function of random variables X and Y is

8xy; 0<x<1,0<y<1

X, = )
faor %y 0, otherwise

Find f(y/x) and f(x/y)

4. The input to a binary communication system is a random variable X, takes on one of two
values 0 and 1, with probabilities % and ¥ respectively. Due to the errors caused by the channel
noise, the output random variable Y, differs from the Input X occasionally. The behavior of the

communication system is modeled by the conditional probabilities P Y=1 = 3 gnd P Y=0=7 _
X=1 4 X=0 8
Find

a) The probability for a transmitted message to be received as 0
b) Probability that the transmitted message is al. If the received is a 1.

5. Let X and Y be the random variables defined as X=Cosf and Y=Sin6 where 6 is a uniform
random variable over (0, 2m)

a) Are X and Y Uncorrelated?

b) Are X and Y Independent?

6. a) Define and State the properties of joint cumulative distribution function of two random
variables X and Y.

b) A joint probability density function is fy(Xy) = ;4L 0<x<60<y<4
0 else where

Find the expected value of the function g(X,Y)= (XY)?

. State and prove the central limit theorem. .
g. WO randgm varla%Fes X aanY have zero mean and variance ¢% = 16 and o = 36
X Y

correlation coefficient is 0.5 determine the following

i) The variance of the sum of X and Y

ii) The variance of the difference of X and Y

9. A certain binary system transmits two binary states X = +1 and X = -1 with equal probability.
There are three possible states with the receiver, such as Y = +1, 0 and -1. The performance of
the communication system is given as

P(y = +1/X = +1) =0.2;

P(Y=+1/X=-1)=0.1; P(Y =0/X =+1) = P(Y = 0/X = -1) = 0.05. Find

a) P(Y =0)

b) P(X = +1/Y = +1)

c) P(X =-1/Y =0).
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10. Two random variables X and Y have the joint pdf is
foy(y)=  Ae @) x y>0
0 elsewhere

i. Evaluate A

ii. Find the marginal pdf's

iii. Find the marginal pdf's

iv. Find the joint cdf

v. Find the distribution functions and conditional cdf*s.
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UNIT-IV
Two marks Questions:
1. Define wide sense stationary random processes.
2. Give the statement of ergodic theorem.
3. Define the auto covariance & cross covariance functions of Random processes X(t).
4. When two random processes X(t)& Y (t) are said to be independent.
5. Define the cross correlation function between two random processes X(t) & Y (t).
Three Marks Questions:
1. Differentiate between Random Processes and Random variables with example

2. Prove that the Auto correlation function has maximum value at the origin i.e | Rxx(7) | =
Rxx(0)

3. A stationary ergodic random processes has the Auto correlation function with the periodic

components as Rxx(t) =25 + 14672

4. Define mean ergodic random processes and correlation ergodic Random processes.
5. Find the mean value of Response of a linear system.

Ten Marks Questions:

1. a) Define Wide Sense Stationary Process and write it*s conditions.

b) A random process is given as X(t) = At, where A is a uniformly distributed random variable
on (0,2). Find whether X(t) is wide sense stationary or not.

2. X(t) is a stationary random process with a mean of 3 and an auto correlation function of 6+5
exp (-0.2 | T | ). Find the second central Moment of the random variable Y=Z2-W, where ,,Z* and
W are the samples of the random process at t=4 sec and t=8 sec respectively.

3. Explain the following

i) Stationarity

ii) Ergodicity

iii) Statistical independence with respect to random processes
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4. a) Given the RP X(t) = A cos(wet) + B sin (wet) where wo is a constant, and A and B are
uncorrelated Zero mean random variables having different density functions but the same
variance o2. Show that X(t) is wide sense stationary.

b) Define Covariance of the Random processes with any two properties.

6 sin (mt)
5. a) A Gaussian RP has an auto correlation function Rxx(T)ZT- Determine a covariance

matrix for the Random variable X(t)

b) Derive the expression for cross correlation function between the input and output of a LTI
system.

6. Explain about Poisson Random process and also find its mean and variance.

7. The function of time Z(t) = Xjicoswet- Xzsinmoet is a random process. If X; and Xjare
independent Gaussian random variables, each with zero mean and variance o2, find E[Z]. E[Z?]
and var(z).

8. Briefly explain the distribution and density functions in the context of stationary and
independent random processes.

9. Explain about the following random process
(1) Mean ergodic process
(i) Correlation ergodic process

(iii) Gaussian random process

10. State and prove the auto correlation and cross correlation function properties.
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UNIT-V
Two marks Questions:
1. Define Power Spectrum Density.
2. Give the statement of Wiener-Khinchin relation.
3. Define spectrum Band width and RMS bandwidth.
4. Write any two properties of Power Spectrum Density.
5. Define linear system.
Three Marks Questions:

1. Show that Sxx(-®) = Sxx(®). i.e., Power spectrum density is even function of o.

2. If the Power spectrum density of x(t) is S, (o), find the PSD of dgx(t).
t

3. If the Auto correlation function of wide sense stationary X(t) is Rxx(t)=4+2¢?7 . Find the area
enclosed by the power spectrum density curve of X(t).

4. Define linear system and derive the expression for output response.

5. If X(t) & Y(t)are uncorrelated and have constant mean values X&Y then show that Sxx(w)=
2[1XY S (w)

Ten Marks Questions:
1. a)Check the following power spectral density functions are valid or not

cos8(w)

1ot D e~(@ "
w

D)
b) Derive the relation between input PSD and output PSD of an LTI system
2. Derive the relationship between cross-power spectral density and cross correlation function.

3. A stationery random process X(t) has spectral density Sxx(®)=25/ (w?+25) and an

independent stationary process Y(t) has the spectral density Syy(0)= w?/ (w?+25). If X(t) and
Y (t) are of zero mean, find the:

a) PSD of Z(t)=X(t) + Y ()
b) Cross spectral density of X(t) and Z(t)

4. a) The input to an LTI system with impulse response h(t)= 6 t + t?e~%. U(t) is a WSS
process with mean of 3. Find the mean of the output of the system.
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b) Define Power Spectral density with three properties.

5. a) A random process Y(t) has the power spectral density SY ()=
w?+64
Find i) The average power of the process
if) The Auto correlation function
b) State the properties of power spectral density
. 6w >
6. a) A random process has the power density spectrum S (w)= © Find the average power
vy 14w
in the process.

. . . .16
b) Find the auto correlation function of the random process whose psd is

w%+4

7. a) Find the cross correlation function corresponding to the cross power spectrum

S (@=-_ °
Xy (9+w?)(3+j w)?

b) Write short notes on cross power density spectrum.

8. a) Consider a random process X(t)=cos(wt + 8)where w is a real constant and is a
uniform random variable in (0, 7/2). Find the average power in the process.

b) Define and derive the expression for average power of Random process.
9. a) The power spectrum density function of a stationary random process is given by
Sxx(w)= A, -K< w< K
0, other wise
Find the auto correlation functioq.
b) Derive the expression for power spectrum density.

10. a) Define and derive the expression for average cross power between two random
process X(t) and Y (t).

2 —
b) Find the cross power spectral density for RXX(T)=A7Sin§f€h)Or)
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